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Abstract
This document presents the mathematical content from the balanced_product_codes li-

brary. The material has been translated from a verified Lean 4 formalization, ensuring mathe-
matical rigor while maintaining readability.
WARNING: Unproven Axioms
This formalization uses the following unproven axiom(s): Sp_card, alonBoppanaBound, alonBoppana_liminf,
balanced_product_code, balanced_product_ldpc, cheegerInequalities, cohomologicalDistanceBound_horizontal_satisfiable,
cohomologicalDistanceBound_horizontal, cohomologicalDistanceBound_vertical_satisfiable,
cohomologicalDistanceBound_vertical, cycleRepWeight_pos_of_ne_zero, cycleRepWeight_zero,
cycleRepWeight, ekz_distance_balancing, exists_good_map, exists_good_surjective_map,
homologicalDistanceBound_horizontal, homologicalDistanceBound_vertical, infinitelyManyValidPrimes,
iotaMap_comp_piMap, iotaMap, kunnethBalancedProduct, lpsGenSetPGL_card, lpsGenSetPGL_generates,
lpsGenSetPSL_card, lpsGenSetPSL_generates, lpsGraphPGL_independent_of_xy, lpsGraphPSL_independent_of_xy,
lps_DX_lower_bound, lps_DZ_lower_bound, lps_K_lower_bound, lps_K_upper_bound, piMap_comp_iotaMap,
piMap, regular_eigenvector_s_constant, spectralLaplacianBound.
These axioms were introduced because the full proofs were not completed. The mathematical
validity of results depends on these assumptions.
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1 Mathematical Content
1.1 Remark 1: BaseField
In many areas of algebraic topology and homological algebra, working over fields of characteristic
2 provides significant computational advantages. The field F2 = Z/2Z has particularly elegant
properties: addition coincides with subtraction, every element is its own additive inverse, and
many calculations simplify dramatically compared to working over fields of characteristic zero.

This choice of base field is especially natural when studying chain complexes and homology
groups where the characteristic 2 property 1 + 1 = 0 eliminates sign complications that would
otherwise appear in differential computations and spectral sequence calculations.
Remark (Remark 1: Base Field). For the remainder of this manuscript we consider only vector
spaces over the field F2. All tensor products, linear maps, and homology computations are taken
over F2 unless stated otherwise.

Definition (Definition: F2). The base field F2 is the field with two elements, defined as F2 :=
Z/2Z. All vector spaces, tensor products, linear maps, and homology computations in this paper
are over F2.

The following theorems establish the key computational properties of F2 that make it particu-
larly convenient for our purposes.

Theorem (Theorem: Cardinality of F2). The cardinality of F2 is 2, i.e., |F2| = 2.

Proof. This follows directly from the definition F2 = Z/2Z, which by construction has exactly two
elements: the equivalence classes of 0 and 1 modulo 2.

Theorem (Theorem: Negation is Identity in F2). For every element a ∈ F2, we have −a = a.

Proof. Since F2 has characteristic 2, we have 2a = 0 for all a ∈ F2. This means a + a = 0, which
implies a = −a for every element a. Therefore, negation is the identity map on F2.

Theorem (Theorem: a+ a = 0 in F2). For every element a ∈ F2, we have a+ a = 0.

Proof. This is a direct consequence of F2 having characteristic 2. By definition of characteristic,
we have 2 · 1 = 0 in F2, which means 1 + 1 = 0. For any element a ∈ F2, we compute:

a+ a = a · (1 + 1) = a · 0 = 0.

Theorem (Theorem: Subtraction Equals Addition in F2). For all a, b ∈ F2, we have a− b = a+ b.

Proof. Using the fact that −b = b for all b ∈ F2 (from the theorem above), we have:

a− b = a+ (−b) = a+ b.

Therefore, subtraction and addition are identical operations in F2.

These properties make F2 particularly amenable to computational work in homological algebra.
The fact that subtraction equals addition eliminates the need to track signs in differential com-
putations, while the self-inverse property under addition simplifies many algebraic manipulations
that will appear in subsequent developments.
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1.2 Remark 2: NotationConventions
Precise notation is essential in formal mathematics to ensure clarity and avoid ambiguity when
translating between different mathematical frameworks. In the context of homological algebra
over finite fields, establishing clear correspondences between standard mathematical notation and
computer algebra system implementations becomes particularly crucial.

The following conventions bridge the gap between the paper’s mathematical notation and Math-
lib’s formal definitions for homological algebra over F2. These correspondences ensure that theo-
retical results can be faithfully implemented and verified.
Remark (Remark 2: Notation Conventions). Throughout this formalization, we establish precise
correspondences between paper notation and Mathlib definitions for homological algebra over F2.
The key objects and their formal representations are as follows:

Chain and Cochain Complexes: A chain complex of F2-vector spaces is formally defined as
ChainComplex(ModuleCat F2, Z), where the differential ∂i : Ci → Ci−1 corresponds to C.d i j with
j = i − 1. Similarly, cochain complexes use CochainComplex(ModuleCat F2, Z) with coboundary
δi : Ci → Ci+1 given by C.d i j where j = i+ 1.

Linear Map Operations: The image of a linear map f , denoted im(f) in the paper, cor-
responds to LinearMap. range(f) in Mathlib. The identity map is represented as LinearMap. id,
while the transpose (dual) of a linear map f is given by Module.Dual. transpose(f).

The fundamental property that differentials compose to zero is captured by the following results:

Theorem (Theorem: Boundary Squares to Zero). For any chain complex C ∈ ChainComplexF2

and indices i, j, k ∈ Z,
∂j ◦ ∂i = 0.

Proof. This follows directly from the Mathlib lemma HomologicalComplex.d_comp_d applied to
C at indices i, j, k. The axioms of a homological complex require that consecutive differentials
compose to zero, giving us C.d_comp_d i j k = 0.

Theorem (Theorem: Coboundary Squares to Zero). For any cochain complex C ∈ CochainComplexF2

and indices i, j, k ∈ Z,
δj ◦ δi = 0.

Proof. This follows by the same reasoning as the chain complex case, using HomologicalComplex.d_comp_d
applied to the cochain complex C. The fundamental requirement that consecutive coboundary maps
compose to zero is built into the definition of homological complexes.

The correspondence between paper notation and Mathlib extends to homological concepts:
cycles are represented as HomologicalComplex.cycles, boundaries as the image of the appropriate
differential, and homology as HomologicalComplex.homology. The total complex functor appears
as HomologicalComplex.total, maintaining the same API for both chain and cochain complexes
through the unified CochainComplex interface.

1.3 Remark 3: ExpandingMatrixDefinition
Expanding matrices play a crucial role in coding theory and randomness extraction, where they
provide a way to amplify the randomness or information content of sparse vectors. The key insight
is that a good expanding matrix should map vectors with small Hamming weight to vectors with
proportionally large Hamming weight, ensuring that information is not lost or concentrated.

4



The concept builds on the notion of Hamming weight over finite fields, which measures the
sparsity of a vector by counting its nonzero entries. This leads naturally to the definition of
expanding matrices with quantitative expansion parameters.
Remark (Remark 3: Expanding Matrix Definition). We first establish the notion of sparsity over
F2.

The Hamming weight of a vector x : Finn → F2, denoted |x|, is the number of nonzero
entries of x. This specializes the general Hamming norm to vectors over the field F2.

A matrix A ∈ Fm×n
2 is called (α, β)-expanding, where α, β ∈ R, if the following conditions

hold:

1. 0 < α ≤ 1,

2. 0 < β,

3. for every vector x ∈ Fn
2 satisfying |x| ≤ α · n, we have |Ax| ≥ β · |x|,

where | · | denotes the Hamming weight, and Ax denotes the matrix-vector product over F2.
Formally, IsExpanding(A,α, β) holds if and only if

0 < α ∧ α ≤ 1 ∧ 0 < β ∧ ∀x : Finn→ F2, (|x| : R) ≤ α · n⇒ (|Ax| : R) ≥ β · (|x| : R).

The parameter α controls the sparsity threshold—we only require expansion for vectors that
are sufficiently sparse (at most αn nonzero entries). The parameter β quantifies the expansion
factor, ensuring that the output has Hamming weight at least β times the input weight. This
definition captures the essential property needed for applications in error correction and randomness
extraction, where sparse inputs must map to outputs with guaranteed minimum weight.

1.4 Definition 1: ChainComplex
Chain complexes are fundamental objects in algebraic topology and homological algebra that cap-
ture the essence of boundary relationships in geometric and algebraic structures. Over the field F2,
they provide a particularly elegant framework due to the characteristic-2 arithmetic, where every
element is its own additive inverse.

Definition (Definition 1: Chain Complex over F2). A chain complex C over F2 consists of a
sequence of F2-vector spaces {Ci}i∈Z together with F2-linear maps called differentials, subject to
the following structure:

(i) Differential maps: For each i ∈ Z, there is an F2-linear map

∂i : Ci → Ci−1

called the differential at degree i.
(ii) Chain condition: The differentials satisfy ∂i ◦ ∂i+1 = 0 for all i ∈ Z.
Associated to this structure are the following subspaces:
(iii) Cycles: The cycles at degree i are

Zi(C) = ker ∂i = {x ∈ Ci : ∂i(x) = 0} ⊆ Ci.

(iv) Boundaries: The boundaries at degree i are

Bi(C) = im ∂i+1 = {∂i+1(y) : y ∈ Ci+1} ⊆ Ci.
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(v) Homology: The i-th homology of C is the quotient F2-module

Hi(C) = Zi(C)/Bi(C),

where Bi(C) is viewed as a submodule of Zi(C).

The fundamental relationship between boundaries and cycles is captured by the following result:

Theorem (Theorem 1: Chain Condition Equivalence). For a chain complex C over F2, the com-
position ∂i ◦ ∂i+1 = 0 for all i ∈ Z.

Proof. By extensionality, it suffices to show that (∂i◦∂i+1)(x) = 0 for an arbitrary element x ∈ Ci+1.
This follows directly from the defining axiom of chain complexes in the Mathlib framework, which
requires that the composition of consecutive differentials vanishes. Specifically, the Mathlib chain
complex axiom states that C.d(i + 1, i) � C.d(i, i − 1) = 0, and our differentials ∂i and ∂i+1

are extracted from these underlying morphisms via the forgetful functor from ModF2 to F2-linear
maps.

An immediate and crucial consequence is that every boundary is a cycle:

Theorem (Theorem 2: Boundaries are Cycles). For a chain complex C over F2, we have Bi(C) ⊆
Zi(C) for all i ∈ Z.

Proof. We need to show that im ∂i+1 ⊆ ker ∂i. By the fundamental lemma for linear maps, this
inclusion is equivalent to the condition ∂i◦∂i+1 = 0, which is precisely Theorem 1. Therefore, every
element in the image of ∂i+1 lies in the kernel of ∂i, establishing that boundaries are cycles.

The homology groups Hi(C) measure the ”failure” of boundaries to account for all cycles—they
vanish precisely when every cycle is a boundary, indicating that the complex is ”exact” at degree i.
In characteristic 2, the homology computation benefits from the simplified arithmetic where 2 = 0,
making many topological arguments more transparent.

1.5 Definition 2: CochainsCohomology
The study of homology reveals the ”holes” in a topological space or algebraic structure through the
quotient of cycles by boundaries. However, many geometric and algebraic phenomena are better
understood through the dual perspective of cohomology, which examines linear functionals on
these chain complexes. While homology asks ”what are the holes?”, cohomology asks ”how can we
detect and measure these holes using linear functionals?” This dual viewpoint often provides more
computational tools and reveals additional structure.

Cohomology theory begins with the dualization of the boundary maps in a chain complex. Given
a chain complex (C•, ∂), we construct a cochain complex by taking dual spaces and transposing
the differentials. The resulting coboundary maps satisfy the fundamental relation δ2 = 0, leading
to a well-defined notion of cohomological cycles, coboundaries, and ultimately cohomology groups
that encode the same topological information as homology but from this dual perspective.

Definition (Coboundary Map). Let C = (C•, ∂) be a chain complex over F2. For each i ∈ Z, the
coboundary map δi : Dual(Ci) → Dual(Ci+1) is defined as the dual (transpose) of the incoming
differential ∂i+1 : Ci+1 → Ci:

δi = (∂i+1)
tr := dualMap(C. incomingDifferential(i)).
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Definition (Incoming Coboundary Map). Let C = (C•, ∂) be a chain complex over F2. For
each i ∈ Z, the incoming coboundary map δi−1 : Dual(Ci−1) → Dual(Ci) is defined as the dual
(transpose) of the differential ∂i : Ci → Ci−1:

δi−1 = (∂i)
tr := dualMap(C. differential(i)).

Theorem (Coboundary Composition is Zero). Let C be a chain complex over F2. For each i ∈ Z,
the composition of coboundary maps satisfies:

δi ◦ δi−1 = 0 : Dual(Ci−1) → Dual(Ci+1).

Proof. Unfolding the definitions of δi = dualMap(∂i+1) and δi−1 = dualMap(∂i), we apply the
identity dualMap(f) ◦ dualMap(g) = dualMap(g ◦ f) (the contravariant property of dualization).
Thus:

δi ◦ δi−1 = dualMap(∂i ◦ ∂i+1).

Since C is a chain complex, we have the fundamental relation ∂i ◦∂i+1 = 0. Therefore dualMap(∂i ◦
∂i+1) = dualMap(0) = 0, completing the proof.

This fundamental property ensures that we can define cocycles and coboundaries analogously
to the homological case.

Definition (Cocycles). Let C be a chain complex over F2. The cocycles in degree i are the kernel
of the coboundary map δi:

Zi(C) = ker δi ⊆ Dual(Ci),

viewed as a submodule of Dual(Ci) over F2.

Definition (Coboundaries). Let C be a chain complex over F2. The coboundaries in degree i are
the image of the incoming coboundary map δi−1:

Bi(C) = im δi−1 ⊆ Dual(Ci),

viewed as a submodule of Dual(Ci) over F2.

Theorem (Coboundaries are Contained in Cocycles). Let C be a chain complex over F2. For each
i ∈ Z:

Bi(C) ⊆ Zi(C).

Every coboundary is a cocycle.

Proof. By definition, Bi(C) = im δi−1 and Zi(C) = ker δi. We apply the standard criterion:
im(f) ⊆ ker(g) if and only if g ◦ f = 0.

Let ω ∈ Bi(C), so ω = δi−1(η) for some η ∈ Dual(Ci−1). Then:

δi(ω) = δi(δi−1(η)) = (δi ◦ δi−1)(η) = 0(η) = 0,

where we used the result that δi◦δi−1 = 0. Therefore ω ∈ ker δi = Zi(C), proving the inclusion.

Definition (Definition 2: Cohomology). Let C be a chain complex over F2. The i-th cohomology
of C is the quotient F2-vector space:

H i(C) = Zi(C)/Bi(C).

More precisely, since Bi(C) ⊆ Zi(C), this is the quotient of Zi(C) by the submodule Bi(C) viewed
as a submodule of Zi(C).
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The cohomology groups measure the failure of the cochain complex to be exact—they vanish
precisely when every cocycle is a coboundary. The remarkable fact is that cohomology carries the
same essential information as homology, as we now establish through a series of duality results.

Theorem (Cocycles are the Dual Annihilator of Boundaries). Let C be a chain complex over F2.
For each i ∈ Z:

Zi(C) = Bi(C)
ann,

where Bi(C)
ann ⊆ Dual(Ci) denotes the dual annihilator of the homological boundaries Bi(C) =

im ∂i+1.

Proof. By definition, Zi(C) = ker δi = ker(dualMap(∂i+1)) and Bi(C) = im ∂i+1. The result
follows from the fundamental duality identity ker(f tr) = (im f)ann for any linear map f between
finite-dimensional vector spaces over a field.

Specifically, a linear functional φ ∈ Dual(Ci) belongs to Zi(C) if and only if δi(φ) = 0, which
means (∂i+1)

tr(φ) = 0. This occurs precisely when φ annihilates the image of ∂i+1, i.e., φ(b) = 0
for all b ∈ Bi(C) = im ∂i+1. Therefore φ ∈ Bi(C)

ann.

Theorem (Coboundaries are the Dual Annihilator of Cycles). Let C be a chain complex over F2,
and assume Ci and Ci−1 are finite-dimensional over F2. For each i ∈ Z:

Bi(C) = Zi(C)
ann,

where Zi(C)
ann ⊆ Dual(Ci) is the dual annihilator of the homological cycles Zi(C) = ker ∂i.

Proof. By definition, Bi(C) = im δi−1 = im(dualMap(∂i)) and Zi(C) = ker ∂i. For finite-
dimensional vector spaces over a field, we have the duality identity im(f tr) = (ker f)ann.

A linear functional ψ ∈ Dual(Ci) belongs to Bi(C) if and only if ψ = δi−1(χ) for some χ ∈
Dual(Ci−1), which means ψ = (∂i)

tr(χ). By the range-annihilator duality, this occurs precisely
when ψ annihilates ker ∂i = Zi(C), i.e., ψ ∈ Zi(C)

ann.

These duality results allow us to establish the fundamental connection between homology and
cohomology dimensions.

Lemma (Finrank of Boundaries Sub-Cycles Equals Finrank of Boundaries). Let C be a chain
complex over F2 with Ci and Ci+1 finite-dimensional. Then:

finrankF2(Bi(C) as submodule of Zi(C)) = finrankF2(Bi(C)).

Proof. Since Bi(C) ⊆ Zi(C) (every boundary is a cycle), the natural inclusion Bi(C) ↪→ Zi(C) is
an isomorphism onto its image. Therefore the dimension of Bi(C) viewed as a submodule of Zi(C)
equals the dimension of Bi(C) itself.

Lemma (Finrank of Coboundaries Sub-Cocycles Equals Finrank of Coboundaries). Let C be a
chain complex over F2 with Ci, Ci−1, and Ci+1 finite-dimensional. Then:

finrankF2(B
i(C) as submodule of Zi(C)) = finrankF2(B

i(C)).

Proof. Since Bi(C) ⊆ Zi(C) (every coboundary is a cocycle), the natural inclusion Bi(C) ↪→ Zi(C)
preserves dimension. The dimension of Bi(C) as a submodule of Zi(C) equals its dimension as a
submodule of Dual(Ci).
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Theorem (Homology and Cohomology Have Equal Finrank). Let C be a chain complex over F2

with Ci, Ci−1, and Ci+1 finite-dimensional. Then:

finrankF2(Hi(C)) = finrankF2(H
i(C)),

where Hi(C) = Zi(C)/Bi(C) is homology and H i(C) = Zi(C)/Bi(C) is cohomology.

Proof. We apply the dimension formula for quotients to both homology and cohomology:

finrank(Hi(C)) + finrank(Bi(C)) = finrank(Zi(C)), (1)
finrank(H i(C)) + finrank(Bi(C)) = finrank(Zi(C)). (2)

Next, we apply the dual annihilator dimension formula. For any subspace W ⊆ V of a finite-
dimensional vector space over a field:

finrank(W ) + finrank(W ann) = finrank(V ).

Applying this to Bi(C) ⊆ Ci and Zi(C) ⊆ Ci:

finrank(Bi(C)) + finrank(Bi(C)
ann) = finrank(Ci), (3)

finrank(Zi(C)) + finrank(Zi(C)
ann) = finrank(Ci). (4)

From our duality theorems, we have: Zi(C) = Bi(C)
ann, so finrank(Zi(C)) = finrank(Bi(C)

ann)
Bi(C) = Zi(C)

ann, so finrank(Bi(C)) = finrank(Zi(C)
ann)

Substituting these identities into our dimension equations and solving:

finrank(Hi(C)) = finrank(Zi(C))− finrank(Bi(C)) (5)
= finrank(Ci)− finrank(Zi(C)

ann)− finrank(Bi(C)) (6)
= finrank(Ci)− finrank(Bi(C))− finrank(Bi(C)) (7)
= finrank(Bi(C)

ann)− finrank(Bi(C)) (8)
= finrank(Zi(C))− finrank(Bi(C)) (9)
= finrank(H i(C)). (10)

Definition (Homology-Cohomology Isomorphism). Let C be a chain complex over F2 with Ci,
Ci−1, and Ci+1 finite-dimensional. There exists a natural linear isomorphism of F2-vector spaces:

Hi(C) 'F2 H
i(C).

This fundamental duality between homology and cohomology reveals that both perspectives
capture identical topological information. The cohomology approach often provides computational
advantages and additional algebraic structure (such as the cup product), making it the preferred
tool in many areas of algebraic topology and algebraic geometry. Over the field F2, the isomorphism
is particularly clean since we avoid the complications that arise over other coefficient rings.
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1.6 Definition 3: ClassicalCode
Classical linear codes form the foundation of algebraic coding theory, providing systematic meth-
ods for detecting and correcting errors in digital communication. These codes exploit the linear
structure of vector spaces over finite fields to encode information efficiently while maintaining
good error-correction capabilities. The binary case, where information is encoded as vectors over
the two-element field F2, is particularly important due to its direct correspondence with digital
systems.

Definition (Definition 3: Classical Linear Binary Code). A classical linear binary code of
block length n is a subspace C ⊆ Fn

2 . Formally, it is a structure wrapping a submodule

C ≤ Fn
2 ,

where Fn
2 is viewed as the F2-module of functions Fin(n) → F2.

The key parameters characterizing a classical code are its dimension and minimum distance,
which determine respectively the information rate and error-correction capability.

Definition (Code Dimension). Let C be a classical code of block length n. The dimension of C is

k = dimF2 C = finrankF2(C),

the finite rank of C as an F2-module. This equals the number of encodable bits.

Definition (Code Distance). Let C be a classical code of block length n. The distance of C is

d = inf
{
w ∈ N

∣∣ ∃x ∈ C, x 6= 0, wt(x) = w
}
,

where wt(x) denotes the Hamming weight of x. Here inf is taken over N, and by convention
inf ∅ = 0, which gives d = 0 for the trivial code C = {0}.

Definition ([n, k, d]-Code). A classical code C of block length n is called an [n, k, d]-code if its
dimension equals k and its distance equals d:

C. dimension = k ∧ C. distance = d.

A fundamental construction method for classical codes uses parity check constraints, which
define the code as the kernel of a linear map.

Definition (Code from Parity Check). Given an F2-linear map ∂C : Fn
2 → Fm

2 (the parity check
map), we construct a classical code of block length n by taking the kernel:

C = ker(∂C) ≤ Fn
2 .

Definition (Parity Check Chain Complex). Given an F2-linear parity check map ∂C : Fn
2 → Fm

2 ,
the associated two-term chain complex is

C =

(
C1

∂C

−−→ C0

)
,

where C1 = Fn
2 sits in degree 1 and C0 = Fm

2 sits in degree 0.
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Definition (Parity Check Complex Isomorphism at Degree 1). For a parity check map ∂C : Fn
2 →

Fm
2 , there is a canonical isomorphism

ϕ : C(1)
∼−→ Fn

2

between the degree-1 object of the parity check complex C and Fn
2 .

The relationship between the kernel construction and the chain complex formulation is made
precise by the following results.

Theorem (Code Equals Kernel). For any F2-linear parity check map ∂C : Fn
2 → Fm

2 , the underlying
submodule of the code constructed from ∂C equals the kernel of ∂C :

(ofParityCheck(∂C)). code = ker(∂C).

Proof. This holds by reflexivity: ofParityCheck(∂C). code is defined to be ker(∂C), so the equality
is definitional.

Theorem (Code Equals Cycles Map). For any F2-linear parity check map ∂C : Fn
2 → Fm

2 , the
code C = ker(∂C) equals the image of the degree-1 cycles of the parity check complex C under the
canonical isomorphism ϕ : C(1)

∼−→ Fn
2 :

C = ϕ(Z1(C)),

where Z1(C) = ker(∂C : C(1) → C(0)) is the submodule of 1-cycles.

Proof. Let C = parityCheckComplex(∂C), let ϕ : C(1)
∼−→ Fn

2 be the canonical isomorphism, and
let ψ : C(0)

∼−→ Fm
2 . We have the factorization

∂CC(1)→C(0) = ϕ−1 ◦ ∂C ◦ ψ−1.

By extensionality, it suffices to show that for each x ∈ Fn
2 :

x ∈ ker(∂C) ⇐⇒ ∃y ∈ Z1(C), ϕ(y) = x.

(⇒): Assume ∂C(x) = 0. Set y = ϕ−1(x) ∈ C(1). Using the factorization of the differential:

d(y) = ψ−1(∂C(ϕ(ϕ−1(x)))) = ψ−1(∂C(x)) = ψ−1(0) = 0,

where we used ϕ ◦ ϕ−1 = id and the linearity of ψ−1. Thus y ∈ Z1(C), and ϕ(y) = x by the
isomorphism property.

(⇐): Assume y ∈ Z1(C) with x = ϕ(y). Since y ∈ ker(d1,0), we have d1,0(y) = 0. Using the
factorization d1,0 = ϕ−1 ◦ ∂C ◦ ψ−1:

ψ−1(∂C(ϕ(y))) = 0.

Since ψ−1 is injective (being an isomorphism), and ψ−1(0) = 0, we conclude ∂C(ϕ(y)) = 0, hence
∂C(x) = 0. Thus x ∈ ker(∂C) = C.

This correspondence between codes and chain complex cycles provides a bridge between coding
theory and homological algebra, enabling the application of topological methods to error-correcting
codes. The chain complex perspective is particularly valuable in quantum error correction, where
similar constructions appear with additional structure.
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1.7 Definition 4: CSSCode
CSS (Calderbank-Shor-Steane) codes represent a fundamental class of quantum error-correcting
codes that leverage classical linear codes for quantum information protection. These codes are
particularly important because they allow separate correction of bit-flip (X-type) and phase-flip (Z-
type) errors, simplifying both the encoding and decoding procedures compared to general stabilizer
codes.

The key insight behind CSS codes is that they can be constructed from pairs of classical linear
codes satisfying a specific orthogonality condition. This construction naturally gives rise to a
chain complex structure that encodes the geometric relationships between the classical codes and
determines the quantum code’s error-correcting capabilities.

Definition (Definition 4: CSS Code). A CSS (Calderbank-Shor-Steane) quantum code of
parameters (n, rX , rZ) consists of:

• An X-type parity check matrix HX : Fn
2 → FrX

2 , a linear map over F2.

• A Z-type parity check matrix transpose HT
Z : FrZ

2 → Fn
2 , a linear map over F2.

• The CSS condition: HX ◦HT
Z = 0.

The map HT
Z serves as the differential from degree 1 to degree 0 in the associated chain complex

C1
HT

Z−−→ C0
HX−−→ C−1.

Definition (Three-term Chain Complex of a CSS Code). Let Q = (HX ,H
T
Z ) be a CSS code

with parameters (n, rX , rZ). The associated chain complex complex(Q) is the three-term chain
complex in ModF2 of the form

C1
HT

Z−−→ C0
HX−−−→ C−1,

where the objects are

Ci =


FrZ
2 if i = 1,

Fn
2 if i = 0,

FrX
2 if i = −1,

0 otherwise,

and the differentials are d1,0 = HT
Z and d0,−1 = HX , with all other differentials zero.

Proof. We must verify that this defines a valid chain complex, i.e., that d ◦ d = 0. For all integers
i, j, k with j + 1 = i and k + 1 = j, we need di,j ◦ dj,k = 0.

The only non-trivial case occurs when i = 1, j = 0, and k = −1, since all other differentials are
zero by definition. In this case, we must show

d1,0 ◦ d0,−1 = HT
Z ◦HX = 0.

By the CSS condition, we have HX ◦ HT
Z = 0. Since composition of linear maps over F2 is

commutative in the sense that if AB = 0 then BA = 0 when the compositions are well-defined, we
obtain HT

Z ◦HX = 0.
For all other combinations of degrees, either one of the differentials is zero (making the compo-

sition immediately zero), or the constraint j+1 = i and k+1 = j cannot be satisfied with non-zero
differentials in our three-term complex.
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The quantum information content and error-correcting capabilities of a CSS code are charac-
terized by several key parameters derived from this chain complex structure.

Definition (Number of Physical Qubits). Let Q be a CSS code with parameters (n, rX , rZ). The
number of physical qubits is

n(Q) := n = dimC0.

Definition (Number of Logical Qubits). Let Q = (HX ,H
T
Z ) be a CSS code. The number of

logical qubits is the dimension of the degree-0 homology of the chain complex:

k(Q) := dimF2 H0(Q) = dimF2

(
kerHX

/
im(HT

Z ) ∩ kerHX

)
.

The error-correcting capability is measured by the distances for X-type and Z-type errors sep-
arately.

Definition (X-Distance). Let Q = (HX ,H
T
Z ) be a CSS code. The X-distance is the minimum

Hamming weight of a vector in kerHX that does not lie in im(HT
Z ):

dX(Q) := inf
{
wt(x) | x ∈ kerHX , x /∈ im(HT

Z )
}
,

where wt(x) = | supp(x)| is the Hamming weight. By convention, dX = 0 when kerHX = im(HT
Z ).

Definition (Z-Distance). Let Q = (HX ,H
T
Z ) be a CSS code. The Z-distance is defined using

the dual maps. Since HZ = (HT
Z )

T , we consider the dual structure. Over F2 with canonical bases,
(Fn

2 )
∨ ∼= Fn

2 via the dot product. The Z-distance is

dZ(Q) := inf
{
wt(ϕ) | ϕ ∈ ker

(
(HT

Z )
∨) , ϕ /∈ im(H∨

X)
}
,

where wt(ϕ) is the Hamming weight of ϕ viewed as a vector in Fn
2 . By convention, dZ = 0 when

the cohomology is trivial.

Definition (CSS Code Distance). Let Q be a CSS code. The overall distance is

d(Q) := min (dX(Q), dZ(Q)) .

For classification purposes, we define predicates that characterize CSS codes by their parameters.

Definition ([[n, k, d]]-Code Predicate). Let Q be a CSS code and let k, d ∈ N. We say Q is an
[[n, k, d]]-code if

k(Q) = k and d(Q) = d.

Definition ([[n, k, dX , dZ ]]-Code Predicate). Let Q be a CSS code and let k, dX , dZ ∈ N. We say
Q is an [[n, k, dX , dZ ]]-code if

k(Q) = k, dX(Q) = dX , and dZ(Q) = dZ .

This predicate is used when the X- and Z-distances are distinct and one wishes to record both
separately.

The chain complex perspective reveals that CSS codes are fundamentally homological objects,
where the logical qubits correspond to homology classes and the distances measure the minimal
weight of non-trivial cycles and cocycles. This geometric viewpoint has proven essential for con-
structing quantum LDPC codes and understanding their asymptotic properties.
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1.8 Definition 5: LDPCCode
Low-density parity-check (LDPC) codes are a fundamental class of error-correcting codes character-
ized by sparse parity-check matrices. The sparsity property, formalized through weight constraints
on rows and columns of these matrices, enables efficient decoding algorithms while maintaining
excellent error-correction performance. To properly define LDPC codes, we must first establish
precise notions of row weight, column weight, and bounded weight for linear maps over finite fields.

The mathematical framework requires careful treatment of linear maps between function spaces
over F2, as these naturally represent parity-check matrices in the theory of linear codes.

Definition (Row Weight). For a linear map f : (Finn → F2) → (Finm → F2) and an index
i ∈ Finm, the row weight of row i of the matrix representation of f is defined as

rowWeight(f, i) := hammingWeight(λj ∈ Finn, f(Pi. single j 1) i) ,

which counts the number of column indices j such that the (i, j)-entry of the matrix is nonzero.

Definition (Column Weight). For a linear map f : (Finn → F2) → (Finm → F2) and an index
j ∈ Finn, the column weight of column j of the matrix representation of f is defined as

colWeight(f, j) := hammingWeight(f(Pi. single j 1)) ,

which counts the number of row indices i such that the (i, j)-entry of the matrix is nonzero.

Definition (Bounded Weight). A linear map f : (Finn → F2) → (Finm → F2) is said to have
bounded weight w (for some w ∈ N) if every row and every column of its matrix representation
has Hamming weight at most w:

HasBoundedWeight(f, w) := (∀i ∈ Finm, rowWeight(f, i) ≤ w)∧(∀j ∈ Finn, colWeight(f, j) ≤ w) .

Definition (Definition 5: LDPC Code Family). A family of CSS codes indexed by a type ι, say
{Cα}α∈ι where each Cα is a CSS code with parameters (n(α), rX(α), rZ(α)), is called low-density
parity-check (LDPC) if there exists a uniform bound w ∈ N such that for every α ∈ ι, both the
parity-check matrix HX and the transposed parity-check matrix HT

Z have bounded weight w:

IsLDPC({Cα}) := ∃w ∈ N, ∀α ∈ ι, HasBoundedWeight((Cα).HX , w)∧HasBoundedWeight((Cα).H
T
Z , w).

The key insight in this definition is that the sparsity constraint must apply uniformly across
the entire family of codes, ensuring that decoding complexity remains bounded as code parameters
grow. The condition on HT

Z rather than HZ directly reflects the specific storage convention in CSS
code structures, but since the weight bound w applies symmetrically to both rows and columns,
this is equivalent to requiring that HZ itself has all row weights and column weights bounded by
w.

This uniform sparsity property is what enables the remarkable performance of LDPC codes in
practice, allowing iterative decoding algorithms to operate efficiently while achieving near-capacity
performance in many communication scenarios.
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1.9 Definition 6: SubsystemCSSCode
Subsystem codes represent a natural generalization of stabilizer codes, allowing for additional gauge
degrees of freedom that do not encode logical information but can be useful for error correction.
In the CSS framework, these codes arise from a careful decomposition of the homological structure
into logical and gauge components.

To understand subsystem CSS codes, we must first establish the homological machinery that
underlies their construction. The key insight is that the kernel of the X-check matrix HX can
be decomposed using the image of the Z-check matrix HT

Z , leading to homology and cohomology
spaces that capture the logical structure of the code.

Definition (Boundaries in Cycles). Let Q be a CSS code with parity check matrices HX and HT
Z .

The submodule of boundaries inside cycles is

im(HT
Z ) ∩ ker(HX),

viewed as a submodule of ker(HX) via the comap of the subtype inclusion.

Definition (Homology Type H0). The homology type of a CSS code Q is the quotient F2-vector
space

H0 = ker(HX)/ im(HT
Z ),

i.e., the quotient of ker(HX) by the submodule of boundaries in cycles.

Definition (Coboundaries in Cocycles). The submodule of coboundaries inside cocycles is

im(HT
X) ∩ ker(HZ),

where HZ = (HT
Z )

T and HT
X denote the transposes, viewed as a submodule of ker(HZ).

Definition (Cohomology Type H0). The cohomology type of a CSS code Q is the quotient
F2-vector space

H0 = ker(HZ)/ im(HT
X),

i.e., the quotient of ker(HZ) by the submodule of coboundaries in cocycles.

Definition (Homology Quotient Map). The homology quotient map is the canonical F2-linear
surjection

πH : ker(HX) −→ H0,

defined as the module quotient map for the submodule of boundaries in cycles.

Definition (Cohomology Quotient Map). The cohomology quotient map is the canonical F2-
linear surjection

πH0 : ker(HZ) −→ H0,

defined as the module quotient map for the submodule of coboundaries in cocycles.

Definition (Definition 6: Subsystem CSS Code). A subsystem CSS code with parameters
n, rX , rZ ∈ N is a CSS code Q together with the following data:

• A logical subspace HL
0 ⊆ H0: an F2-submodule of the homology H0 = ker(HX)/ im(HT

Z ).

• A gauge subspace HG
0 ⊆ H0: an F2-submodule of the homology.
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• A direct sum decomposition H0 = HL
0 ⊕HG

0 : the pair (HL
0 ,H

G
0 ) satisfies the complemen-

tarity condition, meaning HL
0 ∩HG

0 = 0 and HL
0 +HG

0 = H0.

• A linear equivalence φ : H0
∼−→ H0 between the homology and cohomology, encoding

the nondegenerate pairing. The cohomology splitting is induced by φ: H0
L = φ(HL

0 ) and
H0

G = φ(HG
0 ), ensuring that HL

0 pairs nondegenerately with H0
L, HG

0 pairs nondegenerately
with H0

G, and the cross-pairings vanish.

The key innovation of subsystem codes is the decomposition of the homology into logical and
gauge components. The logical subspace HL

0 encodes quantum information, while the gauge sub-
space HG

0 provides additional freedom that can be exploited for error correction without affecting
the logical information.

Definition (Logical Cohomology Subspace). Let S be a subsystem CSS code with equivalence
φ : H0

∼−→ H0. The logical cohomology subspace is

H0
L := φ(HL

0 ) ⊆ H0.

Definition (Gauge Cohomology Subspace). Let S be a subsystem CSS code with equivalence
φ : H0

∼−→ H0. The gauge cohomology subspace is

H0
G := φ(HG

0 ) ⊆ H0.

Theorem (Cohomology Direct Sum Decomposition). Let S be a subsystem CSS code. The coho-
mology splitting H0 = H0

L ⊕H0
G holds.

Proof. We prove both conditions for the direct sum decomposition separately.
Disjointness (H0

L ∩H0
G = 0): Let x ∈ H0

L ∩H0
G. Since x ∈ H0

L = φ(HL
0 ), there exists a ∈ HL

0

with φ(a) = x. Since x ∈ H0
G = φ(HG

0 ), there exists b ∈ HG
0 with φ(b) = x. By injectivity of φ,

we have a = b. Therefore a ∈ HL
0 ∩HG

0 . Since H0 = HL
0 ⊕HG

0 , we have HL
0 ∩HG

0 = 0, so a = 0.
Hence x = φ(a) = φ(0) = 0 by linearity of φ.

Codisjointness (H0
L +H0

G = H0): We compute

H0
L +H0

G = φ(HL
0 ) + φ(HG

0 ) = φ(HL
0 +HG

0 ).

Since H0 = HL
0 ⊕ HG

0 , we have HL
0 + HG

0 = H0. Therefore φ(H0) = H0 by surjectivity of φ,
completing the proof.

Definition (Logical Projection). The logical projection is the F2-linear map

πL : H0 −→ HL
0 ,

defined as the linear projection onto HL
0 along HG

0 , using the direct sum decomposition H0 =
HL

0 ⊕HG
0 .

Definition (Logical Cohomology Projection). The logical cohomology projection is the F2-
linear map

π∗L : H0 −→ H0
L,

defined as the linear projection onto H0
L along H0

G, using the induced cohomology direct sum
decomposition H0 = H0

L ⊕H0
G.
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Definition (Number of Logical Qubits). The number of logical qubits of a subsystem CSS code
S is

k := dimF2(H
L
0 ),

i.e., the F2-dimension of the logical subspace HL
0 . In a subsystem code, only HL

0 encodes logical
information, while HG

0 corresponds to gauge degrees of freedom.

The distance parameters of subsystem codes require careful consideration of how errors affect
the logical subspace. Unlike standard stabilizer codes, errors that act nontrivially on the gauge
subspace do not necessarily cause logical errors.

Definition (Z-Distance). The Z-distance dZ of a subsystem CSS code S is the minimum Hamming
weight of a representative z ∈ ker(HX) of a homology class [z] ∈ H0 whose projection onto the
logical subspace is nonzero:

dZ := inf{wt(z) | z ∈ ker(HX), πL([z]) 6= 0},

where wt(z) denotes the Hamming weight of z ∈ Fn
2 , [z] = πH(z) is the image under the homology

quotient map, and πL : H0 → HL
0 is the logical projection. By convention, dZ = 0 when no such

class exists.

Definition (X-Distance). The X-distance dX of a subsystem CSS code S is the minimum Ham-
ming weight of a representative ζ ∈ ker(HZ) of a cohomology class [ζ] ∈ H0 whose projection onto
H0

L is nonzero:
dX := inf{wt(φ−1(ζ)) | ζ ∈ ker(HZ), π

∗
L([ζ]) 6= 0},

where [ζ] = πH0(ζ) is the image under the cohomology quotient map, and π∗L : H0 → H0
L is the

logical cohomology projection. By convention, dX = 0 when H0
L = 0.

Definition (Distance). The distance of a subsystem CSS code S is

d := min(dX , dZ).

Definition ([[n, k, d]]-Code Predicate). A subsystem CSS code S is an [[n, k, d]]-code if

dimF2(H
L
0 ) = k and dS = d,

i.e., it encodes k logical qubits with overall distance d.

Definition ([[n, k, dX , dZ ]]-Code Predicate). A subsystem CSS code S is an [[n, k, dX , dZ ]]-code if

dimF2(H
L
0 ) = k, dSX = dX , and dSZ = dZ ,

i.e., it encodes k logical qubits with X-distance dX and Z-distance dZ separately specified.

These definitions establish the complete framework for subsystem CSS codes, providing both
the algebraic structure and the distance properties needed for quantum error correction. The
homological perspective reveals the deep connection between the code’s error-correcting capabilities
and its underlying topological structure.
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1.10 Definition 7: CellComplex
Cell complexes provide a fundamental combinatorial framework for studying topological spaces by
decomposing them into simple building blocks called cells. This approach allows us to translate
topological problems into algebraic ones, making them more amenable to computational methods.
The key insight is that many topological invariants can be computed from the purely combinatorial
data of how cells are attached to one another.

In this framework, we work over the field F2 to simplify orientation issues that would otherwise
require careful tracking of signs. The resulting theory captures the essential homological information
while remaining computationally tractable.

Definition (Definition 7: Cell Complex). A regular cell complex X consists of:

• A family of types Xn (for each n ∈ Z), whose elements are called n-cells, each equipped with
finite and decidable structure.

• A boundary map ∂: for each n-cell σ ∈ Xn, a finite set ∂σ ⊆ Xn−1 of (n − 1)-cells in the
boundary of σ.

• The chain complex condition: for every n ∈ Z, every n-cell σ ∈ Xn, and every (n− 2)-cell
ρ ∈ Xn−2, the cardinality

|{ τ ∈ ∂σ | ρ ∈ ∂τ }|

is even (i.e., ≡ 0 (mod 2)).

Given a cell complex X, we can construct its associated chain complex by defining appropriate
vector spaces and linear maps. Let Ci(X) = (Xi → F2) denote the free F2-vector space on the
i-cells. The differential ∂n : Cn(X) → Cn−1(X) is the F2-linear map defined for f ∈ Cn(X) and
τ ∈ Xn−1 by

∂n(f)(τ) =
∑
σ∈Xn
τ ∈ ∂σ

f(σ).

On basis elements, this gives ∂n(eσ) =
∑

τ∈∂σ eτ .
The fundamental property that makes this construction work is the following result, which

shows that the composition of consecutive differentials vanishes.

Theorem (Chain Complex Condition). Let X be a cell complex. For every n ∈ Z,

∂n−1 ◦ ∂n = 0 : Cn(X) −→ Cn−2(X).

Proof. Let f ∈ Cn(X) and ρ ∈ Xn−2 be arbitrary. By extensionality, it suffices to show (∂n−1 ◦
∂n)(f)(ρ) = 0.

Expanding the definitions, we have

(∂n−1 ◦ ∂n)(f)(ρ) =
∑

τ ∈ Xn−1, ρ∈ ∂τ

 ∑
σ ∈ Xn, τ ∈ ∂σ

f(σ)

 .

Converting the inner filtered sum to an indicator function and swapping the order of summation
(both index sets are finite), we obtain∑

σ∈Xn

f(σ)
∑

τ∈Xn−1
ρ∈ ∂τ

1τ ∈ ∂σ.
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For each fixed σ ∈ Xn, the inner sum equals∣∣{ τ ∈ Xn−1

∣∣ ρ ∈ ∂τ and τ ∈ ∂σ
}∣∣

F2
= |{τ ∈ ∂σ | ρ ∈ ∂τ}|F2

.

By the chain complex condition applied to the n-cell σ and (n − 2)-cell ρ, this cardinality is
even. Since the cardinality of an even set equals 0 when cast to F2, we have f(σ) · 0 = 0 for each σ.

Therefore, the entire sum vanishes, completing the proof.

This theorem allows us to define the associated chain complex C(X) = (C•(X), ∂) where
Ci(X) = (Xi → F2) and the differentials are given by the maps ∂i constructed above. The ho-
mology of the cell complex is then defined as Hi(X) = Hi(C(X)), the homology of this associated
chain complex.

The chain complex condition is essential because it ensures that the boundary of a boundary
is empty, which is the fundamental requirement for defining homology groups. This algebraic
condition captures the geometric intuition that in a well-formed cell complex, there are no ”loose
ends” in the way cells are attached to one another.

1.11 Definition 8: CycleGraph
Cycle graphs represent one of the most fundamental examples in combinatorial topology, serving
as a bridge between discrete mathematics and algebraic topology. These simple yet rich struc-
tures consist of ` vertices arranged in a circle, each connected to its neighbors by edges. Despite
their elementary definition, cycle graphs exhibit non-trivial homological properties that make them
essential test cases for understanding the relationship between topology and linear algebra over
finite fields. Moreover, their connection to classical error-correcting codes demonstrates the deep
interplay between topology and information theory.

The cycle graph Cℓ naturally carries the structure of a 1-dimensional cell complex, where the
topological boundary operator can be represented as a linear map over F2. This algebraic perspec-
tive allows us to compute homology groups explicitly and reveals that the first homology H1(Cℓ) has
dimension 1, capturing the essential ”loop” structure of the cycle. Remarkably, the kernel of the
boundary operator precisely corresponds to the codeword space of the repetition code, illustrating
how topological invariants encode combinatorial information relevant to coding theory.

Definition (Definition 8: Cycle Graph Differential). Let ` ≥ 1 be a natural number. The differ-
ential ∂1 : Fℓ

2 → Fℓ
2 of the cycle graph is the linear map defined by

(∂1f)(i) = f(i) + f(b(i+ `− 1) mod `c)

for f : Fin(`) → F2 and i ∈ Fin(`). On basis vectors ej , one has ∂1(ej) = ej+e(j+1) mod ℓ, so column
j of the corresponding matrix has 1-entries in rows j and (j + 1) mod `, encoding the boundary
relation ∂σj = {τj , τ(j+1) mod ℓ}.

Definition (All-Ones Vector). The all-ones vector 1 ∈ Fℓ
2 is defined by 1(i) = 1 for all i ∈ Fin(`).

Lemma (Differential Annihilates All-Ones Vector). ∂1(1) = 0 in Fℓ
2.

Proof. By extensionality, it suffices to show that (∂11)(i) = 0 for each i ∈ Fin(`). Unfolding the
definitions, we have

(∂11)(i) = 1(i) + 1((i+ `− 1) mod `) = 1 + 1 = 0

in F2, where the last equality holds by the characteristic 2 property x+ x = 0 in F2.
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Lemma (Kernel Condition Implies Adjacent Equality). Let f : Fin(`) → F2 satisfy ∂1f = 0. For
any i ∈ N with i+ 1 < `, we have f(i+ 1) = f(i).

Proof. Since ∂1f = 0, evaluating at position i + 1 gives (∂1f)(i + 1) = 0. By the definition of the
differential, this means

f(i+ 1) + f((i+ 1 + `− 1) mod `) = 0.

We compute (i + 1 + ` − 1) mod ` = (i + `) mod ` = i since i < `. Therefore, f(i + 1) + f(i) = 0,
which gives f(i+ 1) = f(i) since subtraction equals addition in F2.

Lemma (Kernel Elements Are Constant). If ∂1f = 0, then f(i) = f(0) for all i ∈ Fin(`).

Proof. Write i = 〈n, hn〉 where n < `. We proceed by induction on n.
Base case: For n = 0, the equality f(0) = f(0) holds trivially.
Inductive step: Assume f(k) = f(0) for some k < ` with k + 1 < `. By the previous lemma,

f(k + 1) = f(k). Combining with the inductive hypothesis, we obtain f(k + 1) = f(0).
This completes the induction, showing that f is constant.

Theorem (Kernel Equals Span of All-Ones Vector). ker(∂1) = spanF2
{1} as submodules of Fℓ

2.

Proof. We show both inclusions.
(⊆) Suppose f ∈ ker(∂1), so ∂1f = 0. By the previous lemma, f is constant, say f(i) = c for

all i, where c = f(0). This means f = c · 1, so f ∈ span{1}.
(⊇) Suppose f = c · 1 for some c ∈ F2. Then for each i,

(∂1f)(i) = (∂1(c · 1))(i) = c · (∂11)(i) = c · 0 = 0,

using linearity of ∂1 and the fact that ∂1(1) = 0. Therefore, f ∈ ker(∂1).

Lemma (All-Ones Vector Is Nonzero). If ` ≥ 1, then 1 6= 0 in Fℓ
2.

Proof. Suppose for contradiction that 1 = 0. Since ` ≥ 1, the element 0 ∈ Fin(`) exists. Evaluating
both sides at 0, we obtain 1(0) = 0(0), which gives 1 = 0 in F2. This contradicts the fact that F2

has characteristic 2 but is nontrivial.

Theorem (Kernel Dimension Is One). If ` ≥ 1, then dimF2 ker(∂1) = 1.

Proof. By the theorem above, ker(∂1) = span{1}. Since 1 6= 0 by the previous lemma, the set {1}
is linearly independent. Therefore, the span of a single nonzero vector has dimension 1.

Definition (Cell Type of the Cycle Graph). The cell type function for the cycle graph assigns to
each integer dimension n the type of n-cells:

cellType(`, n) =


Fin(`) if n = 0,

Fin(`) if n = 1,

∅ otherwise.

Thus the cycle graph has ` vertices (0-cells) and ` edges (1-cells), and no cells in any other dimension.

Definition (Boundary Map of the Cycle Graph). The boundary map for the cycle graph Cℓ

assigns to each cell its boundary:

• For a 1-cell σi (with i ∈ Fin(`)): ∂σi = {τi, τ(i+1) mod ℓ}, encoding the incidence relation of
each edge with its two endpoint vertices.

20



• For a 0-cell: ∂τi = ∅ (vertices have empty boundary).

• For cells in all other dimensions: the boundary is vacuously empty since no such cells exist.
Theorem (Boundary-of-Boundary Vanishes). For all n ∈ Z, all n-cells σ, and all (n− 2)-cells ρ,
the number of (n− 1)-cells in ∂σ whose boundary contains ρ is even.
Proof. We verify by cases on n. Since the cell complex only has cells in dimensions 0 and 1, most
cases are vacuous:

Case 1: n = 1. Then (n− 2)-cells live in dimension −1, but cellType(`,−1) = ∅, so there are
no such ρ. The condition is vacuously satisfied.

Case 2: n = 0. Then (n− 2)-cells live in dimension −2, but cellType(`,−2) = ∅, so again the
condition is vacuous.

Case 3: n ≥ 2 or n ≤ −1. Then cellType(`, n) = ∅, so there are no n-cells σ. The condition
is vacuously satisfied.

In all cases, the boundary-of-boundary condition holds.

Definition (Cycle Graph as a Cell Complex). The cycle graph Cℓ is the cell complex with:
• cells given by cellType(`): ` vertices and ` edges, all indexed by Fin(`);

• boundary map given by cellBdry(`): ∂σi = {τi, τ(i+1) mod ℓ};

• the chain complex condition ∂ ◦ ∂ = 0 verified above.
The following technical lemmas establish that the cell complex differential agrees with our

algebraic definition.
Lemma (Predecessor-Successor Modular Identity). For ` ≥ 1 and i ∈ Fin(`), we have ((i+ `− 1) mod `+ 1) mod
` = i.
Proof. We compute (i+ `− 1) + 1 = i+ `. Therefore,

((i+ `− 1) mod `+ 1) mod ` = (i+ `) mod ` = i

since i < ` implies i mod ` = i.

Theorem (Cell Complex Differential Agrees with Algebraic Differential). For ` ≥ 2, the cell
complex differential ∂cell1 : FC1

2 → FC0
2 of Cℓ equals the algebraic map ∂1:

(Cℓ).differentialMap(1) = ∂1.

Proof. By extensionality, it suffices to show that both maps agree on all inputs (f, i) where f ∈ Fℓ
2

and i ∈ Fin(`).
The cell complex differential is given by(

(Cℓ).differentialMap(1) f
)
(i) =

∑
σ:i∈∂σ

f(σ),

where the sum is over all 1-cells σ whose boundary contains the 0-cell i.
For a 1-cell σj , we have ∂σj = {j, (j + 1) mod `}. Therefore, i ∈ ∂σj if and only if i = j or

i = (j + 1) mod `.
Setting k = (i+ `− 1) mod `, we can verify that the 1-cells containing i in their boundary are

exactly σi and σk. Since i 6= k when ` ≥ 2, the sum becomes

f(i) + f(k) = f(i) + f((i+ `− 1) mod `) = (∂1f)(i),

which matches our algebraic definition.
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Theorem (Image Dimension Is `− 1). If ` ≥ 1, then dimF2 im(∂1) = `− 1.

Proof. By the rank-nullity theorem,

dim im(∂1) + dimker(∂1) = dimFℓ
2 = `.

Since dimker(∂1) = 1 by our earlier theorem, we conclude that dim im(∂1) = `− 1.

Theorem (Homology Dimensions of the Cycle Graph). If ` ≥ 1, then:

1. dimF2 H1(Cℓ) = 1

2. dimF2 H0(Cℓ) = 1

Proof. Part 1: Since Cℓ has no 2-cells, we have ∂2 = 0, so im(∂2) = 0. Therefore,

H1(Cℓ) = ker(∂1)/ im(∂2) ∼= ker(∂1).

Thus dimH1(Cℓ) = dimker(∂1) = 1.
Part 2: We have H0(Cℓ) = FC0

2 / im(∂1) = Fℓ
2/ im(∂1). By the dimension formula for quotients,

dimH0(Cℓ) = dimFℓ
2 − dim im(∂1) = `− (`− 1) = 1.

The connection between cycle graphs and coding theory is made precise through the following
definitions.

Definition (Repetition Code). The repetition code of length ` is the classical code defined by

repetitionCode(`) = {f ∈ Fℓ
2 : ∂1f = 0} = ker(∂1).

Theorem (Repetition Code Has Dimension One). If ` ≥ 1, then the repetition code has dimension
1, i.e., dimF2 repetitionCode(`) = 1.

Proof. Since repetitionCode(`) = ker(∂1) by definition, and dimker(∂1) = 1 by our earlier result,
the claim follows immediately.

This result demonstrates the fundamental connection between topological invariants and coding-
theoretic parameters. The first Betti number of the cycle graph—which captures its essential 1-
dimensional homology—equals the dimension of the corresponding repetition code. This illustrates
how topological methods can provide geometric insight into the structure of linear codes, with the
”holes” in the cell complex corresponding to the degrees of freedom in the codeword space.

1.12 Definition 9: DoubleComplex
Double complexes are fundamental objects in homological algebra that arise naturally in the con-
struction of spectral sequences and the study of derived functors. They provide a framework for
organizing mathematical data in two dimensions, with differentials operating both horizontally and
vertically. Over fields of characteristic 2, such as F2, these structures exhibit special properties due
to the fact that −1 = 1, which simplifies the usual anticommutativity conditions to commutativity.
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Definition (Definition 9: Double Complex over F2). A double complex over F2 is an array of
F2-vector spaces Ep,q indexed by (p, q) ∈ Z× Z, equipped with:

• a vertical differential ∂vp,q : Ep,q → Ep,q−1 (decreasing q),

• a horizontal differential ∂hp,q : Ep,q → Ep−1,q (decreasing p),

satisfying:

1. ∂vp,q−1 ◦ ∂vp,q = 0 for all p, q,

2. ∂hp−1,q ◦ ∂hp,q = 0 for all p, q,

3. ∂vp−1,q ◦ ∂hp,q = ∂hp,q−1 ◦ ∂vp,q for all p, q (commutativity).

Over F2, commutativity and anticommutativity coincide since −1 = 1 in characteristic 2.

For a double complex E, we define several component structures that allow us to access the
individual vector spaces and differentials.

Definition (Component Vector Space). Let E be a double complex over F2. The F2-vector space
at position (p, q) ∈ Z× Z is defined by

Ep,q := (Ep)q,

where Ep denotes the p-th column complex and (Ep)q its q-th component.

Definition (Vertical Differential). Let E be a double complex over F2. The vertical differential
at position (p, q) is the F2-linear map

∂vp,q : Ep,q → Ep,q−1

defined as the underlying linear map of the chain complex differential (Ep).dq,q−1.

Definition (Horizontal Differential). Let E be a double complex over F2. The horizontal dif-
ferential at position (p, q) is the F2-linear map

∂hp,q : Ep,q → Ep−1,q

defined as the underlying linear map of the q-th component of the horizontal chain map E.dp,p−1.

The fundamental properties of double complexes follow from the underlying chain complex
structure. We now establish these properties rigorously.

Theorem (Theorem: Vertical Differential Squares to Zero). Let E be a double complex over F2.
For all p, q ∈ Z,

∂vp,q−1 ◦ ∂vp,q = 0.

Proof. Let p, q ∈ Z be arbitrary. By the definition of the vertical differential, we need to show that
for all x ∈ Ep,q,

((Ep).dq−1,q−2 ◦ (Ep).dq,q−1)(x) = 0.

Since Ep is a chain complex, it satisfies the fundamental chain complex axiom d◦d = 0. Specifically,
we have (Ep).dq,q−1 ◦ (Ep).dq−1,q−2 = 0. This immediately gives us that the composition of the
underlying linear maps is the zero map, and therefore the value at any x ∈ Ep,q is 0.
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Theorem (Theorem: Horizontal Differential Squares to Zero). Let E be a double complex over F2.
For all p, q ∈ Z,

∂hp−1,q ◦ ∂hp,q = 0.

Proof. Let p, q ∈ Z be arbitrary. By the definition of the horizontal differential, we need to show
that for all x ∈ Ep,q,

(((E.dp−1,p−2).fq) ◦ ((E.dp,p−1).fq))(x) = 0.

Since E is a chain complex in the horizontal direction, it satisfies the chain complex axiom d◦d = 0.
This gives us E.dp,p−1 ◦E.dp−1,p−2 = 0. Taking the q-th component of this equation and evaluating
at x, we obtain the desired result.

Theorem (Theorem: Commutativity of Differentials). Let E be a double complex over F2. For all
p, q ∈ Z, the vertical and horizontal differentials commute:

∂vp−1,q ◦ ∂hp,q = ∂hp,q−1 ◦ ∂vp,q.

Proof. Let p, q ∈ Z be arbitrary. This follows from the fundamental commutativity property of
double complexes. By the definition of double complexes as homological complexes in two variables,
the differentials in different directions must commute. This is encoded in the Mathlib framework
as a naturality condition for the bicomplex structure, which ensures that the diagram

Ep,q

∂h
p,q−−→ Ep−1,q

↓∂v
p,q

↓∂v
p−1,q

Ep,q−1

∂h
p,q−1−−−−→ Ep−1,q−1

commutes for all p, q.

Theorem (Theorem: Anticommutativity Equals Commutativity over F2). Let E be a double com-
plex over F2. For all p, q ∈ Z, the anticommutativity condition holds:

∂vp−1,q ◦ ∂hp,q + ∂hp,q−1 ◦ ∂vp,q = 0.

That is, over F2, anticommutativity and commutativity of the differentials coincide, since −1 = 1
in characteristic 2.

Proof. By the previous theorem, we know that ∂vp−1,q ◦ ∂hp,q = ∂hp,q−1 ◦ ∂vp,q. Therefore, the left-hand
side of the anticommutativity condition becomes

∂hp,q−1 ◦ ∂vp,q + ∂hp,q−1 ◦ ∂vp,q = 2 · (∂hp,q−1 ◦ ∂vp,q).

Since we are working over F2, we have 2 = 1 + 1 = 0. Therefore,

2 · (∂hp,q−1 ◦ ∂vp,q) = 0 · (∂hp,q−1 ◦ ∂vp,q) = 0,

which completes the proof.

This characterization of double complexes over F2 is particularly important in algebraic topology
and homological algebra, where such structures arise naturally in the study of spectral sequences
over finite fields. The simplification that occurs in characteristic 2, where the usual sign complica-
tions disappear, makes these objects especially tractable for computational purposes.
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1.13 Definition 10: TotalComplex
The construction of a total complex from a double complex is a fundamental technique in homolog-
ical algebra that allows us to convert a two-dimensional complex structure into a one-dimensional
chain complex. This process preserves essential homological information while making the complex
amenable to standard techniques from chain complex theory. The total complex construction is
particularly natural over fields like F2 where sign complications are automatically resolved.

Definition (Definition 10: Total Complex of a Double Complex). Let E = (E•,•, ∂
v, ∂h) be a

double complex of F2-vector spaces. The total complex Tot(E) is the chain complex over F2

indexed by Z defined as follows:

• The n-th object is the direct sum

Tot(E)n =
⊕

p+q=n

Ep,q,

taken over all pairs of integers (p, q) with p+ q = n.

• The differential ∂n : Tot(E)n → Tot(E)n−1 restricts to each summand Ep,q as

∂n
∣∣
Ep,q

= ∂vp,q + ∂hp,q,

where ∂vp,q : Ep,q → Ep,q−1 maps into the (p, q − 1)-summand and ∂hp,q : Ep,q → Ep−1,q maps
into the (p− 1, q)-summand of Tot(E)n−1.

Definition (Inclusion into Total Complex). Let E be a double complex of F2-vector spaces. For
integers p, q, n with p+ q = n, the inclusion map

ιnp,q : Ep,q −→ Tot(E)n

is the canonical injection of the summand Ep,q into the direct sum Tot(E)n =
⊕

p′+q′=nEp′,q′ .

The key property that makes the total complex construction valid is that the differential squares
to zero, despite being the sum of the vertical and horizontal differentials from the original double
complex.

Theorem (Differential of Total Complex Squares to Zero). Let E be a double complex of F2-vector
spaces. For all integers n,m, k, the composition of consecutive differentials of Tot(E) vanishes:

∂m ◦ ∂n = 0: Tot(E)n −→ Tot(E)k.

Proof. We need to show that ∂2 = 0 for the total complex differential. On each summand Ep,q, we
have

∂2 = (∂v + ∂h)2 = (∂v)2 + (∂v∂h + ∂h∂v) + (∂h)2.

Each term vanishes for the following reasons:

• (∂v)2 = 0 and (∂h)2 = 0 by the double complex axioms.

• ∂v∂h + ∂h∂v = 0 because over F2, the differentials commute up to sign, but since −1 = 1 in
F2, we have ∂v∂h = ∂h∂v, so their sum is 2∂v∂h = 0.

Therefore ∂2 = 0, confirming that Tot(E) is indeed a well-defined chain complex.
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Theorem (Objects of Total Complex as Direct Sums). Let E be a double complex of F2-vector
spaces. For each integer n, the n-th object of the total complex equals the direct sum

Tot(E)n =
⊕

p+q=n

Ep,q.

Proof. This follows directly from the definition of the total complex construction. The equality
holds by the way we defined Tot(E)n as precisely this direct sum.

Theorem (Extensionality for Morphisms from Total Complex). Let E be a double complex of F2-
vector spaces, let A be an F2-module, and let n ∈ Z. Suppose f, g : Tot(E)n → A are two morphisms
such that for all integers p, q with p+ q = n,

f ◦ ιnp,q = g ◦ ιnp,q.

Then f = g.

Proof. This follows from the universal property of direct sums (coproducts). Since Tot(E)n =⊕
p+q=nEp,q, any morphism out of this direct sum is uniquely determined by its restrictions to

each summand Ep,q via the inclusion maps ιnp,q.
Given that f and g agree on all summands, they must be equal as morphisms from the en-

tire direct sum. This is a direct application of the uniqueness part of the universal property of
coproducts in the category of F2-modules.

The total complex construction is particularly well-behaved over F2 because the characteristic-2
arithmetic eliminates the sign issues that typically arise when combining vertical and horizontal
differentials. This makes the total complex a powerful tool for studying double complexes arising
in algebraic topology and algebraic geometry over finite fields.

1.14 Definition 11: TensorProductDoubleComplex
The tensor product of chain complexes is a fundamental construction in homological algebra that
allows us to study the interaction between two algebraic structures. When working over the field
F2, this construction takes on particular importance in coding theory and topological data analysis,
where it provides a systematic way to combine information from different sources while preserving
essential structural properties.

The key insight is to organize the tensor products Cp ⊗Dq into a double complex, where dif-
ferentials act separately in the horizontal and vertical directions. This bigraded structure captures
the interplay between the original chain complexes and provides the foundation for computing their
tensor product homology via spectral sequences.

Definition (Tensor Object). Let C and D be chain complexes over F2. The graded object under-
lying the tensor product double complex is defined, for integers p, q ∈ Z, by

(C ⊠D)p,q = Cp ⊗F2 Dq,

where ⊗F2 denotes the tensor product of F2-modules.

Definition (Horizontal Differential). Let C and D be chain complexes over F2. The horizontal
differential

∂hp,p′,q : Cp ⊗Dq −→ Cp′ ⊗Dq
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is defined by
∂hp,p′,q = ∂Cp→p′ ⊗ idDq ,

that is, it applies the differential ∂C of C in the first (horizontal, p-)direction and the identity on
Dq.

Definition (Vertical Differential). Let C and D be chain complexes over F2. The vertical differ-
ential

∂vp,q,q′ : Cp ⊗Dq −→ Cp ⊗Dq′

is defined by
∂vp,q,q′ = idCp ⊗∂Dq→q′ ,

that is, it applies the identity on Cp and the differential ∂D of D in the second (vertical, q-)direction.

Definition (Definition 11: Tensor Product Double Complex). Let C and D be chain complexes
over F2. The tensor product double complex C ⊠D is the double complex defined as follows:

• Objects: (C ⊠D)p,q = Cp ⊗F2 Dq for all p, q ∈ Z.

• Horizontal differential: ∂hp,q = ∂Cp ⊗ idDq : Cp ⊗Dq → Cp−1 ⊗Dq.

• Vertical differential: ∂vp,q = idCp ⊗∂Dq : Cp ⊗Dq → Cp ⊗Dq−1.

The double complex conditions are verified as follows. When the complex shape relation does not
hold, the corresponding differential vanishes. The horizontal and vertical differentials each square
to zero: ∂h ◦ ∂h = 0 and ∂v ◦ ∂v = 0. Moreover, the horizontal and vertical differentials commute:
∂h ◦ ∂v = ∂v ◦ ∂h, which over F2 replaces the usual anticommutativity requirement. This is a
consequence of the whisker exchange identity (∂C ⊗ id) ◦ (id⊗∂D) = (id⊗∂D) ◦ (∂C ⊗ id) in any
monoidal category.

Theorem (Object of Tensor Double Complex). Let C,D be chain complexes over F2 and let
p, q ∈ Z. Then

(C ⊠D)p,q = Cp ⊗F2 Dq.

Proof. This follows immediately from the definition of the tensor product double complex. The
object at position (p, q) is constructed as Cp ⊗Dq by definition.

Theorem (Vertical Differential of Tensor Double Complex). Let C,D be chain complexes over F2

and let p, q ∈ Z. The vertical differential of C ⊠D at position (p, q) is(
(C ⊠D)p

)
q→q−1

= ∂vp,q,q−1 = idCp ⊗∂Dq→q−1.

Proof. This is immediate from the construction of the tensor product double complex, where the
vertical differential at (p, q) is defined to be idCp ⊗∂Dq→q−1.

Theorem (Horizontal Differential of Tensor Double Complex). Let C,D be chain complexes over
F2 and let p, q ∈ Z. The horizontal differential of C ⊠D from column p to column p− 1 at row q is(

(C ⊠D)p→p−1

)
q
= ∂hp,p−1,q = ∂Cp→p−1 ⊗ idDq .

Proof. This follows directly from the definition of the horizontal differential in the tensor product
double complex construction.
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Definition (Tensor Product Complex). Let C and D be chain complexes over F2. The tensor
product complex C ⊗D is defined as the total complex of the tensor product double complex:

C ⊗D := Tot(C ⊠D).

Concretely, its degree-n component is

(C ⊗D)n =
⊕

p+q=n

Cp ⊗F2 Dq,

and its differential is ∂ = ∂C ⊗ id+ id⊗∂D. Over F2, the usual sign factor (−1)p is trivial since
−1 = 1.

The tensor product double complex provides a systematic framework for constructing quantum
error-correcting codes through the hypergraph product construction. By taking the total complex,
one obtains a single chain complex whose homology encodes both the original complexes’ infor-
mation and their interaction. This construction is particularly powerful in coding theory, where
it leads to families of quantum LDPC codes with favorable parameters, including the hypergraph
product codes that achieve good distance properties while maintaining low-weight parity checks.

1.15 Theorem 2: SmallDoubleComplexHomology
Double complexes arise naturally in algebraic topology and homological algebra when studying
spectral sequences. A fundamental question is whether the homology of the total complex agrees
with the ”iterated homology” obtained by first taking homology in one direction, then in the other.
For small finite complexes over fields, this relationship can be made completely explicit.

We consider the simplest non-trivial case: a 2× 2 double complex over F2. This setting allows
us to compute both the total complex homology and the iterated homology directly, revealing their
canonical isomorphism at each degree.

Theorem (Theorem 2: Small Double Complex Homology). Let E be a small 2× 2 double complex
over F2, consisting of four F2-modules A0,0, A0,1, A1,0, A1,1 with vertical differentials ∂v0 : A0,1 →
A0,0, ∂v1 : A1,1 → A1,0 and horizontal differentials ∂h0 : A1,0 → A0,0, ∂h1 : A1,1 → A0,1 satisfying the
commutativity condition

∂v0 ◦ ∂h1 = ∂h0 ◦ ∂v1 .

Define the total complex with differentials

∂2 : A1,1 → A1,0 ×A0,1, x 7→ (∂v1 (x), ∂
h
1 (x))

∂1 : A1,0 ×A0,1 → A0,0, (a, b) 7→ ∂h0 (a) + ∂v0 (b).

Define the iterated homology by first taking vertical homology, then applying the induced hor-
izontal maps. Let Hv

p,q denote the vertical homology groups, and let ∂̄h0 : Hv
1,0 → Hv

0,0 and
∂̄h1 : Hv

1,1 → Hv
0,1 be the induced horizontal maps. Define

H0 = Hv
0,0/ im(∂̄h0 ), H2 = ker(∂̄h1 ),

H1 = ker(∂̄h0 )× (Hv
0,1/ im(∂̄h1 )).

Then there are canonical F2-linear isomorphisms:

Hk(Tot(E)) ∼= Hk for k = 0, 1, 2.
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Proof. The proof proceeds by constructing explicit isomorphisms at each degree, using the structure
of the small double complex over F2.

Step 1: Verify the total complex structure. We first show that ∂1 ◦ ∂2 = 0. For any
x ∈ A1,1:

(∂1 ◦ ∂2)(x) = ∂1(∂
v
1 (x), ∂

h
1 (x)) = ∂h0 (∂

v
1 (x)) + ∂v0 (∂

h
1 (x)).

By the commutativity condition ∂v0 ◦ ∂h1 = ∂h0 ◦ ∂v1 , this becomes

∂h0 (∂
v
1 (x)) + ∂h0 (∂

v
1 (x)) = 2∂h0 (∂

v
1 (x)) = 0

since we work over F2 where 2 = 0.
Step 2: Degree 2 isomorphism. We have H2(Tot(E)) = ker(∂2) since there are no degree 3

terms. Now ker(∂2) = ker(∂v1 × ∂h1 ) = ker(∂v1 ) ∩ ker(∂h1 ) = Hv
1,1 ∩ ker(∂h1 ).

For the iterated homology, H2 = ker(∂̄h1 ) where ∂̄h1 : Hv
1,1 → Hv

0,1 is induced by ∂h1 . The
commutativity condition ensures that ∂h1 maps vertical cycles to vertical cycles, so ∂̄h1 is well-
defined.

The isomorphism is given by the natural identification: an element x ∈ A1,1 lies in ker(∂2) if
and only if x ∈ ker(∂v1 ) (so [x] ∈ Hv

1,1) and x ∈ ker(∂h1 ) (so [x] ∈ ker(∂̄h1 )).
Step 3: Degree 0 isomorphism. We have H0(Tot(E)) = A0,0/ im(∂1). By definition of ∂1:

im(∂1) = {∂h0 (a) + ∂v0 (b) : a ∈ A1,0, b ∈ A0,1} = im(∂h0 ) + im(∂v0 ).

Using the second isomorphism theorem for modules and the fact that Hv
0,0 = A0,0/ im(∂v0 ):

A0,0/(im(∂h0 ) + im(∂v0 ))
∼= (A0,0/ im(∂v0 ))/im(∂h0 ) = Hv

0,0/ im(∂̄h0 ) = H0,

where im(∂h0 ) denotes the image of im(∂h0 ) in the quotient Hv
0,0, which equals im(∂̄h0 ) by construction

of the induced map.
Step 4: Degree 1 isomorphism. This is the most involved case. We have

H1(Tot(E)) = ker(∂1)/ im(∂2) = Z1/B1

where Z1 = {(a, b) ∈ A1,0 ×A0,1 : ∂
h
0 (a) + ∂v0 (b) = 0} and B1 = {(∂v1 (x), ∂h1 (x)) : x ∈ A1,1}.

We construct maps π̄ : H1(Tot(E)) → ker(∂̄h0 ) and ῑ : Hv
0,1/ im(∂̄h1 ) → H1(Tot(E)) as follows:

π̄([(a, b)]) = [a] ∈ Hv
1,0 (well-defined since if (a, b) ∈ Z1, then ∂h0 (a) = −∂v0 (b) = ∂v0 (b) over F2,

so [a] ∈ ker(∂̄h0 )). ῑ([b]) = [(0, b)] (well-defined since b ∈ ker(∂v0 ) implies (0, b) ∈ Z1, and the map
descends to the quotient).

We verify these form a short exact sequence: π̄ ◦ ῑ = 0 since π̄([(0, b)]) = [0] = 0. ῑ is injective:
if ῑ([b]) = 0, then (0, b) ∈ B1, so (0, b) = (∂v1 (x), ∂

h
1 (x)) for some x. This gives ∂v1 (x) = 0 and

b = ∂h1 (x), so b ∈ im(∂̄h1 ), hence [b] = 0. π̄ is surjective: given [a] ∈ ker(∂̄h0 ), we have ∂h0 (a) ∈ im(∂v0 ),
so ∂h0 (a) = ∂v0 (b) for some b. Then (a, b) ∈ Z1 and π̄([(a, b)]) = [a]. ker(π̄) = im(ῑ) by a direct
computation using the structure over F2.

Since every short exact sequence of vector spaces over a field splits, we obtain

H1(Tot(E)) ∼= ker(∂̄h0 )× (Hv
0,1/ im(∂̄h1 )) = H1.

This result demonstrates that for small double complexes over finite fields, the total complex
homology can be computed via iterated homology without any higher-order corrections. The iso-
morphisms are completely explicit and functorial, making this a fundamental tool for computations
involving small double complexes in algebraic topology and homological algebra.
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1.16 Definition 12: FiberBundleDoubleComplex
Fiber bundles arise naturally in algebraic topology when studying spaces that locally look like
products but may have nontrivial global structure. In homological algebra, we often need to
understand the homology of such bundles, which leads to the construction of double complexes that
capture both the ”base” and ”fiber” contributions to the differential. The key insight is that parallel
transport along paths in the base space can twist the fiber differential via chain automorphisms,
giving rise to a connection-dependent horizontal differential.

The fiber bundle double complex provides a systematic framework for studying the homology
of fiber bundles over finite fields, where the connection encodes how the fiber differential changes
as we move through the base space. This construction generalizes the classical tensor product of
chain complexes by allowing the horizontal differential to be twisted by automorphisms determined
by the connection.

Definition (Definition 12: Chain Automorphism). A chain automorphism of a 1-complex F
with differential ∂F : Fn2

2 → Fm2
2 consists of:

• an invertible linear map α1 : Fn2
2

∼−→ Fn2
2 (automorphism on F1),

• an invertible linear map α0 : Fm2
2

∼−→ Fm2
2 (automorphism on F0),

• the chain map condition: ∂F ◦ α1 = α0 ◦ ∂F .

The identity chain automorphism idF has α1 = idFn2
2

and α0 = idFm2
2

.

Proof. For the identity chain automorphism, we set α1 := idFn2
2

and α0 := idFm2
2

. The chain map
condition ∂F ◦ α1 = α0 ◦ ∂F becomes ∂F ◦ id = id ◦∂F , which simplifies to ∂F = ∂F .

Definition (Definition 12: Connection). A connection for a fiber bundle with base dimensions
n1,m1 and fiber differential ∂F : Fn2

2 → Fm2
2 is a function

ϕ : Fin(n1) → Fin(m1) → ChainAutomorphism(n2,m2, ∂
F ).

The trivial connection assigns the identity chain automorphism to every pair: ϕtriv(b
1, b0) := idF .

Definition (Definition 12: Twisted Horizontal Differential). Let ∂B : Fn1
2 → Fm1

2 and autComp :
Fin(n1) → Fin(m1) → (V →F2 V ) be a family of linear endomorphisms. The twisted horizontal
differential

∂hφ : Fn1
2 ⊗F2 V −→ Fm1

2 ⊗F2 V

acts on pure tensors as

∂hφ(b⊗ f) =
∑

b1∈Fin(n1)

∑
b0∈Fin(m1)

b(b1) ·
(
∂B(eb1)

)
(b0) ·

(
eb0 ⊗F2 autComp(b1, b0)(f)

)
.

Lemma (Lemma 12: Commutativity of Twisted Differentials). The twisted horizontal differential
commutes with the vertical differential:

∂hφ,α0
◦
(
idFn1

2
⊗∂F

)
=
(
idFm1

2
⊗∂F

)
◦ ∂hφ,α1

.
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Proof. By tensor product extensionality, we verify equality on pure tensors b ⊗ f . Expanding
both sides using the definition of the twisted horizontal differential, the equality reduces at each
summand (b1, b0) to showing:

∂F
(
α1(b1, b0)(f)

)
= α0(b1, b0)

(
∂F (f)

)
.

This is precisely the chain map condition for ϕ(b1, b0): from ∂F ◦ α1 = α0 ◦ ∂F , evaluating at f
gives the required equality.

Definition (Definition 12: Fiber Bundle Double Complex). Let ∂B : Fn1
2 → Fm1

2 , ∂F : Fn2
2 → Fm2

2 ,
and ϕ be a connection. The fiber bundle double complex B ⊠φ F is the double complex over
F2 with:

• Objects: (p, q) 7→ FbaseSize(p)
2 ⊗F2 F

fiberSize(q)
2 , where

baseSize(p) =


n1 if p = 1,

m1 if p = 0,

0 otherwise,
fiberSize(q) =


n2 if q = 1,

m2 if q = 0,

0 otherwise.

• Horizontal differential: ∂hφ (the connection-twisted differential),

• Vertical differential: ∂v = idB ⊗∂F .

The double complex axioms hold:

1. (∂h)2 = 0 and (∂v)2 = 0 since each differential acts nontrivially only between adjacent degrees,

2. ∂h ◦ ∂v = ∂v ◦ ∂h by the commutativity lemma above.

The fiber bundle double complex unifies the base and fiber contributions to homology through
the connection ϕ. When ϕ is trivial, this reduces to the standard tensor product B⊗F . The twisted
horizontal differential encodes how parallel transport in the base affects the fiber differential, making
this construction essential for understanding the homology of nontrivial fiber bundles.

The fiber bundle complex B⊗φF is obtained as the total complex of B⊠φF , with differential
∂ = ∂hφ + ∂v in each total degree. This provides a single chain complex whose homology computes
the homology of the fiber bundle.

1.17 Theorem 3: FiberBundleHomology
In algebraic topology, fiber bundles give rise to spectral sequences and twisted tensor products that
encode the interaction between base and fiber topology. When the connection preserves homological
information, these twisted products simplify dramatically, yielding Künneth-type formulas that
decompose the total homology in terms of base and fiber homology.

Definition (Connection Acts as Identity on Homology). Let dB : Fn1
2 → Fm1

2 and dF : Fn2
2 → Fm2

2

be linear maps representing the differentials of chain complexes B and F respectively. A connection
ϕ acts as identity on homology if for every basis element b1 ∈ Fin(n1) and every b0 ∈ Fin(m1)
such that dB(eb1)(b0) 6= 0, the induced chain automorphism ϕ(b1, b0) satisfies:

1. Degree 1: α1(f) = f for all cycles f ∈ ker(dF )
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2. Degree 0: α0(y)− y ∈ im(dF ) for all y ∈ Fm2
2

Definition (Fiber Bundle Small Double Complex). Given differentials dB and dF and a connection
ϕ, the fiber bundle small double complex E = B ⊗φ F is the 2× 2 double complex with:

A1,1 = Fn1
2 ⊗ Fn2

2 A1,0 = Fn1
2 ⊗ Fm2

2

A0,1 = Fm1
2 ⊗ Fn2

2 A0,0 = Fm1
2 ⊗ Fm2

2

The vertical differentials are div = id⊗dF , while the horizontal differentials are twisted: djh =

d̃h(dB, α
φ
j ), where the automorphisms αφ

j encode the connection data.
Theorem (Theorem 3: Fiber Bundle Homology). Let dB : Fn1

2 → Fm1
2 and dF : Fn2

2 → Fm2
2 be

linear maps, and let ϕ be a connection that acts as identity on homology. Then the homology of
the fiber bundle B ⊗φ F decomposes as:

H2(B ⊗φ F ) ' ker(dB)⊗F2 ker(dF ) (11)
H1(B ⊗φ F ) '

(
ker(dB)⊗ coker(dF )

)
⊕
(
coker(dB)⊗ ker(dF )

)
(12)

H0(B ⊗φ F ) ' coker(dB)⊗F2 coker(dF ) (13)

where coker(d) = codomain(d)/ im(d) denotes the cokernel.
Proof. Let E = fiberBundleSmallDC(dB, dF , ϕ) denote the fiber bundle double complex.

Degree 2 (Top homology): By the small double complex homology equivalence, H2(E) '
ker(d̄1h) where d̄1h is the restriction of the horizontal differential to ker(d1v).

Since ϕ acts as identity on homology, the twisted differential d1h agrees with the untwisted dB⊗id
when restricted to cycles in the fiber. Specifically, flatness of finite-dimensional vector spaces over
F2 provides canonical equivalences ker(id⊗dF ) ' Fn1

2 ⊗ ker(dF ) and ker(id⊗dF ) ' Fm1
2 ⊗ ker(dF ).

Under these equivalences, d̄1h becomes conjugate to dB ⊗ idker(dF ). Therefore:

ker(d̄1h) ' ker(dB ⊗ idker(dF )) ' ker(dB)⊗ ker(dF )

by the tensor product kernel equivalence for free modules.
Degree 0 (Bottom homology): Similarly, H0(E) ' coker(d̄0h) where d̄0h acts on the cokernel

of d0v. The identity-on-homology condition ensures that the quotient map commutes with the
twisted horizontal differential up to the natural identifications.

By flatness quotient equivalences, we have canonical isomorphisms coker(id⊗dF ) ' Fn1
2 ⊗

coker(dF ) and coker(id⊗dF ) ' Fm1
2 ⊗ coker(dF ). Under these equivalences, d̄0h becomes conjugate

to dB ⊗ idcoker(dF ).
Note: This step relies on an unproven technical lemma (left as sorry in the formalization)

that establishes the commutative diagram for the quotient case. The analogous result for kernels is
fully proved; the cokernel case requires additional quotient-specific diagram chasing that remains
incomplete in the formalization.

Therefore: coker(d̄0h) ' coker(dB)⊗ coker(dF ).
Degree 1 (Middle homology): By the small double complex structure, H1(E) decomposes

as a direct sum of two components:

H1(E) ' ker(d̄0h)⊕ coker(d̄1h) (14)

The first factor ker(d̄0h) is computed using the same quotient conjugation as in the degree 0
case, yielding ker(dB)⊗ coker(dF ).

The second factor coker(d̄1h) uses the kernel conjugation from the degree 2 case, yielding
coker(dB)⊗ ker(dF ).

Combining these gives the stated decomposition for H1(E).
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This theorem provides a complete Künneth-type formula for fiber bundles whose connections
preserve homological structure. The result shows that when twisting effects are homologically triv-
ial, the total homology factorizes completely in terms of base and fiber homology, with the middle
degree exhibiting the expected mixed terms characteristic of double complex spectral sequences.
The decomposition is particularly significant because it reduces complex twisted homological alge-
bra to elementary tensor product computations over the base field F2.

1.18 Definition 13: AugmentedComplex
Augmented complexes arise naturally when we wish to connect chain complexes to their homological
invariants. In algebraic topology and homological algebra, augmentation maps provide a canonical
way to extract degree-zero homology by extending a chain complex with a map to the ground field.
This construction is fundamental in computing Euler characteristics and in connecting chain-level
computations with homological data.

The key insight is that an augmentation map ε : F0 → F2 allows us to ”count” or ”evaluate”
elements in the degree-zero module, while the condition ε ◦ ∂F = 0 ensures that this evaluation is
well-defined on homology classes.

Definition (Definition 13: Augmented Complex). A complex F = (F1
∂F

−−→ F0) is augmented if
there exists a linear map ε : F0 → F2 such that ε ◦ ∂F = 0.

Concretely, for fixed natural numbers n2,m2 and a linear map ∂F : (Finn2 → F2) → (Finm2 →
F2), an augmented complex consists of:

• A linear map ε : (Finm2 → F2) → F2 (the augmentation map),

• A proof that ε ◦ ∂F = 0 (the chain complex condition).

The augmentation condition ε ◦ ∂F = 0 is precisely the statement that boundaries are mapped
to zero by ε, which ensures that ε descends to a well-defined map on homology. This extends the
familiar chain complex axiom ∂ ◦ ∂ = 0 by one additional degree.

Definition (Augmentation Map at Each Degree). Given a differential ∂F : (Finn2 → F2) →
(Finm2 → F2) and an augmented complex aug, the augmentation map at fiber degree q ∈ Z is
defined as:

augMap(∂F , aug, q) :=

{
ε if q = 0,

0 otherwise.

This defines a linear map (Fin(fiberSize(n2,m2, q)) → F2) → F2, corresponding to π0 = ε and
πq = 0 for q 6= 0.

Definition (Summand Linear Map for π∗). For integers p, q ∈ Z, the linear map underlying the
(p, q)-summand of π∗ is:

piStarSummandLin(∂F , aug, p, q) : (Fin(baseSize(n1,m1, p)) → F2)⊗(Fin(fiberSize(n2,m2, q)) → F2) → (Fin(baseSize(n1,m1, p)) → F2),

given by b⊗ f 7→ πq(f) · b, where πq = augMap(∂F , aug, q). Concretely, this is the composition

(TensorProduct. rid)F2 ◦ (id⊗ augMap(∂F , aug, q)).

Lemma (Summand Map at q = 0). For any b : Fin(baseSize(n1,m1, p)) → F2 and f : Fin(fiberSize(n2,m2, 0)) →
F2,

piStarSummandLin(∂F , aug, p, 0)(b⊗ f) = ε(f) · b.
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Proof. By the definition of piStarSummandLin, we have

piStarSummandLin(∂F , aug, p, 0)(b⊗ f) = TensorProduct. rid((id⊗ augMap(∂F , aug, 0))(b⊗ f)).

Since augMap(∂F , aug, 0) = ε, we get (id⊗ε)(b⊗ f) = b⊗ ε(f). Applying the tensor product right
unit isomorphism yields ε(f) · b.

Lemma (Summand Map Vanishes for q 6= 0). For any q 6= 0,

piStarSummandLin(∂F , aug, p, q) = 0.

Proof. By definition of augMap, when q 6= 0 we have augMap(∂F , aug, q) = 0. Therefore,

piStarSummandLin(∂F , aug, p, q) = TensorProduct. rid ◦(id⊗0) = 0,

since the composition of any linear map with the zero map is zero.

Definition (Summand Morphism for π∗). For n, p, q ∈ Z with p+ q = n, the (p, q)-component of
π∗ is a morphism in ModuleCatF2 :

piStarSummandMor(∂F , aug, n, p, q) : fbObj(n1,m1, n2,m2, (p, q)) −→ FbaseSize(n1,m1,n)
2 ,

defined by:

• If q = 0: the map b ⊗ f 7→ ε(f) · b, composed with a type transport via Fin. cast using the
equality p = n (from p+ 0 = n),

• If q 6= 0: the zero morphism.

Definition (Chain Map π∗). The chain map π∗ : Tot(B ⊠φ F )n → FbaseSize(n1,m1,n)
2 at degree n is

assembled from the summand maps:

piStarMor(∂B, ∂F , ϕ, aug, n) : (fiberBundleDoubleComplex(∂B, ∂F , ϕ)). totalComplex .Xn −→ FbaseSize(n1,m1,n)
2 ,

given by summing the contributions piStarSummandMor(∂F , aug, n, p, q) over all (p, q) with p+q =
n.

Definition (Base Differential). For n, n′ ∈ Z, the base differential is:

baseDiff(n1,m1, ∂
B, n, n′) :=

{
∂B if n = 1 and n′ = 0,

0 otherwise,

as a linear map (Fin(baseSize(n1,m1, n)) → F2) → (Fin(baseSize(n1,m1, n
′)) → F2).

Lemma (Augmentation Preserved by Chain Automorphism). Let ψ be a chain automorphism of
F and suppose ψ acts as the identity on homology. Then

ε ◦ α0 = ε,

where α0 = ψ.α0 is the degree-0 component of ψ.
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Proof. We proceed by extensionality: it suffices to show ε(α0(y)) = ε(y) for arbitrary y. Since ψ
acts as the identity on homology, the degree-0 condition gives us α0(y) − y ∈ im(∂F ). Therefore,
there exists z such that ∂F (z) = α0(y)− y.

Since ε ◦ ∂F = 0 by the augmentation condition, we have

ε(α0(y)− y) = ε(∂F (z)) = 0.

By linearity of ε, this gives us ε(α0(y))− ε(y) = 0, hence ε(α0(y)) = ε(y).

Lemma (Augmentation Preserved by Connection). Let ϕ be a connection and suppose ϕ acts as
the identity on homology. For any b1 : Fin(n1) and b0 : Fin(m1) with ∂B(δb1)(b0) 6= 0,

ε ◦ (ϕ b1 b0).α0 = ε.

Proof. This follows immediately from the previous lemma applied to the chain automorphism
ϕ b1 b0, using the fact that the hypothesis on ϕ acting as the identity on homology implies (ϕ b1 b0)
acts as the identity on homology whenever ∂B(δb1)(b0) 6= 0.

Lemma (π∗ Intertwines Horizontal Differential at q = 0). Assume the connection ϕ acts as the
identity on homology. On the (p, 0)-summand, π∗ intertwines the horizontal twisted differential
with the base differential:

piStarSummandLin(∂F , aug, 0, 0)◦twistedDhLin(∂B, b1, b0 7→ autAtDeg(∂F , ϕ, 0, b1, b0)) = ∂B◦piStarSummandLin(∂F , aug, 1, 0).

Proof. We verify the equality on pure tensors b⊗ f . The twisted differential expands as:

twistedDhLin(∂B, α)(b⊗ f) =
∑
b1,b0

∂B(δb1)(b0) · (δb0 ⊗ αb1,b0(f)).

Applying piStarSummandLin(∂F , aug, 0, 0) to each summand and using the formula for q = 0,
we get: ∑

b1,b0

∂B(δb1)(b0) · ε(αb1,b0(f)) · δb0 .

For each pair (b1, b0), if ∂B(δb1)(b0) 6= 0, then by the preservation property of augmentation
under connections, ε(αb1,b0(f)) = ε(f). If ∂B(δb1)(b0) = 0, the contribution vanishes.

Therefore, each non-zero summand equals ∂B(δb1)(b0) · ε(f) · δb0 , and we can factor out ε(f):

ε(f) ·
∑
b1,b0

∂B(δb1)(b0) · δb0 = ε(f) · ∂B(b).

The right-hand side gives ∂B(ε(f) · b) = ε(f) · ∂B(b) by linearity, completing the proof.

Lemma (π∗ Vanishes on Vertical Differential at q = 1). The composition of π∗ on the (p, 0)-
summand with the vertical differential is zero:

piStarSummandLin(∂F , aug, p, 0) ◦ (id⊗ fiberDiff(n2,m2, ∂
F , 1, 0)) = 0.

Proof. On pure tensors b⊗ f , the composition evaluates to:

piStarSummandLin(∂F , aug, p, 0)(b⊗ ∂F (f)) = ε(∂F (f)) · b.

Since ε ◦ ∂F = 0 by the augmentation condition, we have ε(∂F (f)) = 0, giving us 0 · b = 0.
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Definition (Cochain Map π∗). The cochain map π∗ : B∗
n → Tot(B ⊠φ F )

∗
n at degree n is defined

as the F2-dual (transpose) of the chain map π∗:

cochainPiStar(∂B, ∂F , ϕ, aug, n) := Module.Dual. transpose(piStarMor(∂B, ∂F , ϕ, aug, n)),

which is a linear map from Module.Dual((Fin(baseSize(n1,m1, n)) → F2)) to Module.Dual(Tot(B⊠φ

F )n).
On a cochain β ∈ B∗

p , this gives π∗(β)(b⊗ f) = β(b) · ε(f) for f ∈ F0, and π∗(β)(b⊗ f) = 0 for
f ∈ F1.

The augmented complex construction provides a systematic way to extract degree-zero infor-
mation from fiber bundle chain complexes. The key properties established above show that the
augmentation map interacts well with chain automorphisms and connections, while the chain map
π∗ correctly intertwines horizontal differentials and annihilates vertical differentials, ensuring it
descends to a well-defined map on the total complex.

1.19 Theorem 4: ProjectionInducesIsomorphism
The construction of fiber bundles in algebraic topology often involves studying how the total space
relates to the base space through projection maps. A fundamental question is whether these
projections preserve homological information. In the discrete setting of chain complexes over finite
fields, this leads to the study of projection-induced maps on homology groups.

When working with twisted tensor products of chain complexes, the projection from the total
complex to the base complex induces a natural map on homology. Under appropriate conditions on
the connection and augmentation, this map exhibits remarkable structural properties that mirror
classical results in fiber bundle theory.
Definition (Definition: Projection Map π∗ at Degree 1). Let ε : (Fm2

2 ) → F2 be a linear map (the
augmentation of F0). The projection π∗ at degree 1 is the linear map

π
(1)
∗ :

(
(Fn1

2 ⊗ Fm2
2 )× (Fm1

2 ⊗ Fn2
2 )
)
−→ Fn1

2

defined by
π
(1)
∗ (x10, x01) = (rid ◦(id⊗ε))(x10),

where rid denotes the right-unit isomorphism V ⊗ F2 ' V . Concretely, on simple tensors π(1)∗ (b⊗
f, 0) = ε(f) · b, and π

(1)
∗ is zero on the Fm1

2 ⊗ Fn2
2 component.

The key to establishing that this projection induces well-defined homology maps lies in showing
compatibility with the twisted differential structure.
Lemma (Lemma: Augmentation Is Invariant Under the Connection). Let dF : Fn2

2 → Fm2
2 be a

linear map, let ψ be a chain automorphism of dF , and let ε : Fm2
2 → F2 be a linear map satisfying

ε ◦ dF = 0. If ψ acts as the identity on the homology of dF , then

ε ◦ ψ.α0 = ε.

Proof. Let v be arbitrary. By extensionality it suffices to show ε(ψ.α0 v) = ε(v).
Since ψ acts as the identity on homology at degree 0, we have ψ.α0 v− v ∈ im(dF ). Thus there

exists w such that dF (w) = ψ.α0 v − v. We compute:

ε(ψ.α0 v − v) = ε(dF (w)) = (ε ◦ dF )(w) = 0,

using the hypothesis ε ◦ dF = 0. Therefore ε(ψ.α0 v) = ε(v).
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Lemma (Lemma: Chain Map Property of π∗ for the Twisted Differential). Let dB, dF , and ϕ be
given, and let ε satisfy ε◦dF = 0, with ϕ acting as the identity on homology. For any x ∈ Fn1

2 ⊗Fm2
2 ,

(rid ◦(id⊗ε))
(
d̃0h(x)

)
= dB

(
(rid ◦(id⊗ε))(x)

)
,

where d̃0h is the twisted horizontal differential at bidegree (1, 0). That is, π(1)∗ intertwines d̃0h with
dB.

Proof. We proceed by induction on x using the tensor product induction principle.
For the zero case, both sides vanish trivially. For additivity, both sides are linear, so the identity

extends from simple tensors.
For a simple tensor x = b⊗ f : Expanding d̃0h(b⊗ f) and simplifying, we obtain∑

b1,b0

b(b1) · dB(eb1)(b0) · ε(α
φ(b1,b0)
0 f) · eb0 .

For each term, by the previous lemma (when dB(eb1)(b0) 6= 0, the chain automorphism ϕ(b1, b0)

acts as the identity on homology), we replace ε(αφ(b1,b0)
0 f) by ε(f). After this substitution the sum

becomes ∑
b1,b0

b(b1) · dB(eb1)(b0) · ε(f) · eb0 .

Proceeding pointwise and applying the basis expansion dB(b) =
∑

b1
b(b1) · dB(eb1), we obtain

ε(f) · dB(b) = dB(ε(f) · b), which equals dB((rid ◦(id⊗ε))(b⊗ f)).

This chain map property immediately implies that cycles are mapped to cycles:

Lemma (Lemma: π∗ Maps Cycles to ker(dB)). Under the same hypotheses, for any z ∈ totZ1 (the
total 1-cycles of B ⊗φ F ),

π
(1)
∗ (z) ∈ ker(dB).

Proof. We must show dB(π
(1)
∗ (z)) = 0. Since z ∈ totZ1 = ker(d1), we have d1(z) = 0, which means

d̃0h(z1) + d0v(z2) = 0.
Applying rid ◦(id⊗ε) to this equation:

(rid ◦(id⊗ε))
(
d̃0h(z1) + d0v(z2)

)
= 0.

The d0v-term vanishes since d0v = lTensor(dF ), and (id⊗ε) ◦ (id⊗dF ) = id⊗(ε ◦ dF ) = 0 by hypoth-
esis. Thus:

(rid ◦(id⊗ε))
(
d̃0h(z1)

)
= 0.

By the chain map property, this equals dB((rid ◦(id⊗ε))(z1)) = dB(π
(1)
∗ (z)) = 0.

Similarly, boundaries are mapped to zero:

Lemma (Lemma: π∗ Maps Boundaries to Zero). Under the same hypotheses, π(1)∗ vanishes on the
total 1-boundaries totB1.

Proof. Let z ∈ totB1. Then z = d2(w) for some w, and in particular z.1 = d1v(w).
We must show π

(1)
∗ (z. val) = 0. By definition of π(1)∗ as coprod(rid ◦(id⊗ε), 0), it suffices to

show
(rid ◦(id⊗ε))(z.1) = 0.

37



Substituting z.1 = d1v(w) = lTensor(dF )(w):

(rid ◦(id⊗ε))(lTensor(dF )(w)) = (rid ◦ lTensor(ε ◦ dF ))(w) = 0,

since ε ◦ dF = 0 by hypothesis.

These results allow us to define the induced map on homology. The main result establishes
when this map is an isomorphism:

Theorem (Theorem 4: Projection Induces Isomorphism). Under the following hypotheses:

1. the connection ϕ acts as the identity on the homology of F ,

2. ε̄ : H0(F )
∼−→ F2 (the augmentation ε induces an isomorphism on H0(F )),

3. im(dB) = Fm1
2 (surjectivity of dB, equivalently H0(B) = 0),

4. ε itself is surjective,

the projection map induces an isomorphism

H1(π∗) : H1(B ⊗φ F )
∼−→ H1(B) = ker(dB).

Proof. The proof proceeds by establishing surjectivity and equal dimensions, which together imply
bijectivity in finite dimensions.

Step 1: Surjectivity. Since ε is surjective, there exists f0 ∈ Fm2
2 with ε(f0) = 1.

Let v ∈ ker(dB). We construct a preimage in H1(B ⊗φ F ) mapping to v.
Since v ∈ ker(dB) and the connection acts as the identity on homology, we can show that

d̃0h(v ⊗ f0) ∈ im(d0v). This follows because for each basis vector eb1 with dB(eb1)(b0) 6= 0, the
automorphism (ϕ(b1, b0)).α0 f0 − f0 ∈ im(dF ), and the sum splits appropriately.

Let y satisfy d0v(y) = d̃0h(v⊗f0), and set z = (v⊗f0, y). Then z ∈ totZ1 since d̃0h(v⊗f0)+d0v(y) =
0.

The class [z] ∈ H1(B ⊗φ F ) satisfies H1(π∗)([z]) = (rid ◦(id⊗ε))(v ⊗ f0) = ε(f0) · v = v.
Step 2: Equal dimensions. By the fiber bundle homology decomposition theorem, there is

a linear equivalence

H1(B ⊗φ F ) ' (ker(dB)⊗H0(F ))× (H0(B)⊗ ker(dF )).

Since im(dB) = Fm1
2 , we have H0(B) = 0, so the second summand vanishes. Since ε̄ : H0(F ) '

F2, the first summand has dimension equal to dimker(dB).
Step 3: Bijectivity. Since H1(π∗) is a surjective linear map between finite-dimensional spaces

of equal dimension, it is also injective by the rank-nullity theorem, hence bijective.

This result has important implications for the cohomological structure. The dual of the isomor-
phism H1(π∗) yields an isomorphism in the opposite direction on degree-1 cohomology:

H1(π∗) : H1(B)
∼−→ H1(B ⊗φ F ).

The projection-induced isomorphism demonstrates that under appropriate conditions, the ho-
mological complexity of the twisted tensor product B ⊗φ F at degree 1 is entirely captured by the
base complex B. This provides a discrete analogue of classical fiber bundle theorems, showing how
local triviality conditions (encoded in the connection acting as identity on homology) lead to global
homological equivalences.
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1.20 Definition 14: GraphExpansion
Graph expansion is a fundamental concept in spectral graph theory that measures how well-
connected a graph is. The expansion properties of a graph are intimately related to the eigenvalues
of its adjacency matrix, particularly the second-largest eigenvalue. Graphs with good expansion
properties have applications in computer science, coding theory, and combinatorics, where they
provide efficient communication networks and error-correcting codes.

The spectral approach to studying expansion relies on the fact that regular graphs with large
spectral gaps exhibit strong connectivity properties. This connection between algebra and combi-
natorics makes spectral graph theory a powerful tool for analyzing graph structure.

Lemma (Lemma 1: Adjacency Matrix is Hermitian). Let G be a simple graph on a finite vertex
set V with decidable adjacency. Then the adjacency matrix AG ∈ R|V |×|V | is Hermitian.

Proof. Since we work over the real numbers R, the conjugate transpose of a matrix coincides
with its ordinary transpose. The adjacency matrix of a simple graph is symmetric by definition:
AG(u, v) = AG(v, u) for all vertices u, v. Therefore, A∗

G = AT
G = AG, confirming that AG is

Hermitian.

Definition (Definition 14: Adjacency Eigenvalues). Let G be a simple graph on a finite vertex set
V with decidable adjacency, and write n = |V |. The adjacency eigenvalues of G are the function

λG : {0, 1, . . . , n− 1} → R

defined as the eigenvalues λ0 ≥ λ1 ≥ · · · ≥ λn−1 of the adjacency matrix AG, arranged in decreasing
order.

Theorem (Theorem 1: Eigenvalues are Antitone). Let G be a simple graph on a finite vertex set
V with decidable adjacency. The adjacency eigenvalue function λG : {0, 1, . . . , |V | − 1} → R is
antitone: for all indices i ≤ j,

λG(i) ≥ λG(j).

Proof. This follows directly from the definition of the eigenvalue ordering. Since the adjacency
matrix is Hermitian by Lemma 1, its eigenvalues are real and can be arranged in decreasing order.
The antitone property is built into this ordering by construction.

Definition (Definition 15: Second-Largest Eigenvalue). Let G be a simple graph on a finite vertex
set V with decidable adjacency, and suppose |V | ≥ 2. The second-largest eigenvalue λ2(G) of
G is

λ2(G) := λG(1) ∈ R,

the eigenvalue at index 1 in the decreasing sequence λ0 ≥ λ1 ≥ · · · .

The second-largest eigenvalue plays a crucial role in measuring expansion. For s-regular graphs,
the largest eigenvalue is always s, so λ2(G) captures the next most significant spectral information.

Definition (Definition 16: Spectral Gap). Let G be a finite s-regular simple graph on vertex set
V with |V | ≥ 2. The spectral gap of G is

gap(G) := s− λ2(G) ∈ R,

where λ2(G) is the second-largest eigenvalue of G. A larger spectral gap indicates better expansion
properties.
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The spectral gap measures how much smaller the second-largest eigenvalue is compared to the
largest eigenvalue. For s-regular graphs, this difference quantifies the expansion quality: graphs
with large gaps have strong connectivity and rapid mixing properties.

Definition (Definition 17: Expander Family). Let ι be an index type, n : ι→ N a family of sizes,
s ∈ N a uniform regularity degree, and {Gi}i∈ι a collection where each Gi is a simple s-regular
graph on n(i) vertices with n(i) ≥ 2 for all i. The family {Gi}i∈ι is an expander family if there
exists ε > 0 such that

λ2(Gi) ≤ s− ε for all i ∈ ι,

i.e., the spectral gap of every graph in the family is uniformly bounded below by ε.

Expander families are particularly important in applications because they provide infinite se-
quences of sparse graphs with uniformly good expansion properties. The existence of such families
has profound implications for algorithms, coding theory, and complexity theory.

Definition (Definition 18: Ramanujan Graph). Let G be a finite s-regular simple graph on vertex
set V with |V | ≥ 2. The graph G is Ramanujan if every eigenvalue λ of the adjacency matrix
satisfying |λ| < s also satisfies

|λ| ≤ 2
√
s− 1.

This bound is optimal for s-regular graphs.

Ramanujan graphs achieve the theoretical limit for expansion in regular graphs. The bound
2
√
s− 1 comes from the spectral theory of automorphic forms and represents the best possible

second-largest eigenvalue for s-regular graphs. The existence of infinite families of Ramanujan
graphs was a major breakthrough in spectral graph theory, with applications ranging from com-
munication networks to pseudorandom number generation.

1.21 Definition 15: TannerCodeLocalSystem
Tanner codes provide a powerful framework for constructing error-correcting codes by combining a
global graph structure with local linear codes. Named after Michael Tanner, these codes generalize
low-density parity-check (LDPC) codes and allow for systematic analysis of code properties through
the underlying graph. The key insight is that codewords are characterized by satisfying local
constraints at each vertex of the graph.

To formalize this construction, we need several pieces of infrastructure. First, we require a way
to systematically label the neighbors of each vertex, which allows us to view the edges incident
to a vertex as coordinates of a vector space. Second, we need operators that extract the local
information at each vertex and apply local parity checks.

Definition (Definition 15: Labeling for Tanner Codes). Let G be a simple graph on a finite vertex
set V , and let s ∈ N. A labeling for the Tanner code on G is a collection

Λ = {Λv}v∈V , Λv : N(v)
∼−−→ Fin(s),

where N(v) = G. neighborSet(v) is the set of neighbors of v and Λv is a bijection. The neighbor
(Λv)

−1(i) corresponds to the i-th position in the local code. The existence of such a labeling requires
|N(v)| = s for all v, which holds when G is s-regular.
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Definition (Local View). Let Λ be a labeling, v ∈ V a vertex, and c ∈ C1(X) = (G. edgeSet → F2)
a 1-chain. The local view at v is the F2-linear map

localViewΛ(v) : (G. edgeSet → F2) → (Fin(s) → F2),

defined by (
localViewΛ(v) (c)

)
(i) = c

(
{v, (Λv)

−1(i)}
)
,

where (Λv)
−1(i) ∈ N(v) is the neighbor of v labeled i. This gives the restriction of c to the star of

v, viewed as an element of Fs
2 via the labeling.

Lemma (Local View Evaluation). For any vertex v ∈ V , 1-chain c : G. edgeSet → F2, and index
i ∈ Fin(s),

localViewΛ(v) (c) (i) = c
(
{v, (Λv)

−1(i)}
)
.

Proof. This follows directly from the definition of localViewΛ(v) by unfolding the definition.

Definition (Differential Operator). Let m ∈ N and let H : (Fin(s) → F2) →F2 (Fin(m) → F2) be
a parity-check map. The differential

∂HΛ : (G. edgeSet → F2) →F2 (V → Fin(m) → F2)

is defined by
∂HΛ (c)(v) = H

(
localViewΛ(v) (c)

)
.

This is the component form of the differential ∂ : C1(X) → C0(X) ⊗ L0, using the canonical
isomorphism (V → F2)⊗ (Fin(m) → F2) ∼= V → Fin(m) → F2.

Definition (Tanner Code). Let m ∈ N and H : (Fin(s) → F2) →F2 (Fin(m) → F2) be a parity-
check map. The Tanner code is the submodule

C(X,L,Λ) := ker
(
∂HΛ
)
⊆ C1(X),

where C1(X) = G. edgeSet → F2 is the space of 1-chains. A 1-chain c =
∑

e ae · e is a codeword if
and only if for every vertex v, the restriction of the coefficients ae to edges incident to v, read via
the labeling Λv, is a codeword of the local code L = ker(H).

The Tanner code construction elegantly combines global and local structure: codewords are
those edge assignments that satisfy local linear constraints at every vertex. This leads to several
equivalent characterizations.

Theorem (Codeword Characterization). Let H : (Fin(s) → F2) →F2 (Fin(m) → F2) be a parity-
check map. A 1-chain c ∈ C1(X) belongs to the Tanner code if and only if for every vertex
v ∈ V ,

localViewΛ(v) (c) ∈ ker(H).

Proof. We unfold the definitions: c ∈ C(X,L,Λ) means ∂HΛ (c) = 0, i.e., the function v 7→
H(localViewΛ(v) c) is the zero function.

(⇒): Assume ∂HΛ (c) = 0. For an arbitrary vertex v, this means H(localViewΛ(v) c) = 0, so
localViewΛ(v) c ∈ ker(H).

(⇐): Assume that for every v ∈ V , we have localViewΛ(v) c ∈ ker(H). This meansH(localViewΛ(v) c) =
0 for all v. By function extensionality, ∂HΛ (c) = 0, so c ∈ C(X,L,Λ).
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Theorem (Intersection Characterization of Tanner Code). Let H : (Fin(s) → F2) →F2 (Fin(m) →
F2) be a parity-check map. The Tanner code equals the intersection of pullbacks of the local code
along all local views:

C(X,L,Λ) =
⋂
v∈V

(
localViewΛ(v)

)−1(
ker(H)

)
.

Proof. By set extensionality, it suffices to show that for any c ∈ C1(X), we have c ∈ C(X,L,Λ) if
and only if c ∈

⋂
v∈V (localViewΛ(v))

−1(ker(H)).
The right-hand side states that for all v ∈ V , we have localViewΛ(v) c ∈ ker(H), which is

equivalent to saying H(localViewΛ(v) c) = 0 for all v.
(⇒): Assume c ∈ C(X,L,Λ). By the previous theorem, for any v ∈ V , we have localViewΛ(v) c ∈

ker(H), so c belongs to the intersection.
(⇐): Assume c belongs to the intersection. Then for all v ∈ V , we have localViewΛ(v) c ∈

ker(H). By the previous theorem, c ∈ C(X,L,Λ).

This intersection characterization reveals that the Tanner code is precisely the set of 1-chains
whose local views at every vertex satisfy the local code constraints. This provides both a construc-
tive way to verify membership in the code and insight into the code’s structure as the intersection
of local constraint sets. The construction naturally generalizes classical linear codes by replacing a
single global parity-check matrix with a collection of local parity-check maps applied consistently
across the graph.

1.22 Definition 16: DualCode
The concept of dual codes is fundamental in coding theory, arising naturally from the orthogonal
complement construction in linear algebra. When we have a linear code, its dual code consists of all
vectors that are orthogonal to every codeword under the standard inner product. This construction
is particularly important for understanding the relationship between a code and its parity check
matrix, and plays a crucial role in error detection and correction.

Definition (Definition 16: Dual Code). Let C be a classical code, i.e., a subspace L ⊆ Fn
2 . The

dual code is
L⊥ = {w ∈ Fn

2 : 〈w, c〉 = 0 for all c ∈ L},

where 〈w, c〉 =
∑

iwici is the standard F2-dot product. Concretely, L⊥ is defined as the pullback
of the dual annihilator L◦ ⊆ Dual(Fn

2 ) through the canonical linear isomorphism

dotProductEquiv : Fn
2

∼−−→ Dual(Fn
2 ), v 7→ (w 7→ v · w).

Theorem (Membership Characterization of Dual Code). Let C be a classical code of block length
n and let w ∈ Fn

2 . Then
w ∈ L⊥ ⇐⇒ ∀ c ∈ L, w · c = 0.

Proof. We unfold the definition of the dual code: L⊥ = L◦∩comap(dotProductEquiv). By the defi-
nitions of comap and dual annihilator, membership w ∈ L⊥ is equivalent to (dotProductEquiv w)(c) =
0 for all c ∈ L.

We prove both directions separately. Let c ∈ L be arbitrary. The condition (dotProductEquiv w)(c) =
0 simplifies by definition of dotProductEquiv to exactly w · c = 0. Thus the equivalence holds.
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Theorem (Symmetric Membership Characterization). Let w ∈ Fn
2 . Then

w ∈ L⊥ ⇐⇒ ∀ c ∈ L, c · w = 0.

Proof. By the previous theorem, w ∈ L⊥ if and only if w · c = 0 for all c ∈ L. Since the dot product
over F2 is commutative (i.e., w ·c = c ·w), the condition w ·c = 0 is equivalent to c ·w = 0. Therefore
both characterizations are equivalent.

Theorem (Dimension of the Dual Code). Let C be a classical [n, k, d]-code. Then

dimL⊥ = n− dimL.

Proof. We use the natural linear equivalence between L⊥ and the dual annihilator L◦ induced by
dotProductEquiv. This gives us

finrankF2(L
⊥) = finrankF2(L

◦).

By the fundamental dimension formula for dual annihilators, we have

finrankF2(L) + finrankF2(L
◦) = finrankF2(F

n
2 ) = n.

Therefore, finrankF2(L
◦) = n− finrankF2(L), which gives us the desired result.

Theorem (Dual Code Parameters). Let C be a classical [n, k, d]-code. Then the dual code L⊥ is
an [n, n− k, dL⊥ ]-code, where dL⊥ is the minimum distance of L⊥.

Proof. We verify the parameters systematically. The block length remains n since L⊥ ⊆ Fn
2 . The

dimension is n − k by the previous theorem. The minimum distance dL⊥ is by definition the
minimum distance of the dual code L⊥.

The dual code construction establishes a fundamental duality in coding theory. If C is a [n, k, d]-
code, then its dual C⊥ is an [n, n− k, d⊥]-code. This relationship is particularly important because
the generator matrix of the dual code is closely related to the parity check matrix of the original
code, providing essential tools for both encoding and error detection algorithms.

1.23 Definition 17: BinaryEntropyFunction
The binary entropy function arises naturally in information theory as a measure of the uncertainty
in a Bernoulli random variable. It quantifies the expected number of bits needed to encode the
outcome of a biased coin flip, and plays a fundamental role in coding theory and the analysis of
error-correcting codes.

Definition (Definition 17: Binary Entropy Function). The binary entropy function H2 : R → R is
defined by

H2(δ) = −δ log2(δ)− (1− δ) log2(1− δ).

For δ ∈ (0, 1), this gives the Shannon entropy of a Bernoulli(δ) distribution measured in bits.
Outside (0, 1), the function extends by continuity, with log2(0) = 0 by Mathlib’s convention.

The key analytical properties of H2 require establishing several computational inequalities.
These seemingly technical results are essential for proving sharp bounds in coding theory applica-
tions.
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Lemma (Key Natural Number Inequality). We have the following natural number inequality:

100100 < 250 · 1111 · 8989.

Proof. This is verified by direct computation using native arithmetic evaluation.

Lemma (Key Fractional Inequality). We have the following inequality in R:(
100

11

)11

·
(
100

89

)89

< 250.

Proof. Rewriting using
(
a
b

)n
= an

bn and combining fractions, the inequality becomes 10011·10089
1111·8989 < 250.

After clearing the positive denominator 1111 ·8989, this is equivalent to 10011 ·10089 < 250 ·1111 ·8989.
By the ring identity 10011 · 10089 = 100100, this reduces to 100100 < 250 · 1111 · 8989, which holds by
the previous lemma when cast to R.

Lemma (H2(11/100) < 1/2). The binary entropy function satisfies H2(11/100) < 1/2.

Proof. Unfolding the definition of H2, we need to show

− 11

100
log2

(
11

100

)
− 89

100
log2

(
89

100

)
<

1

2
.

We establish that 11/100 > 0, 89/100 > 0, and both logarithmic terms are negative since their
arguments are less than 1. Using the identity log2(a/b) = log2 a− log2 b, we rewrite:

log2

(
11

100

)
= − log2

(
100

11

)
, log2

(
89

100

)
= − log2

(
100

89

)
.

After substitution and simplification, the goal becomes

11

100
log2

(
100

11

)
+

89

100
log2

(
100

89

)
<

1

2
.

The key step is establishing 11 · log2(100/11)+89 · log2(100/89) < 50. Taking log2 of the inequality(
100
11

)11 · (10089

)89
< 250 from the previous lemma, and using log2(x

n) = n log2 x and log2(2
50) = 50,

we obtain exactly this inequality. Since both logarithmic terms are positive, dividing by 100
preserves the inequality and gives the result.

Lemma (H2 equals binEntropy / log 2). For all δ ∈ R,

H2(δ) =
binEntropy(δ)

log 2
,

where binEntropy is Mathlib’s natural-logarithm binary entropy function.

Proof. Unfolding H2(δ) = −δ log2 δ − (1 − δ) log2(1 − δ) and binEntropy(δ) = −δ log δ − (1 −
δ) log(1−δ), we use the change of base formula log2 x = log x/ log 2 to obtain the result by algebraic
manipulation.

Lemma (Derivative of H2). For x ∈ (0, 1), the binary entropy function has derivative

H ′
2(x) = log2

(
1− x

x

)
.
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Proof. Using the relationship H2 = binEntropy(·)/ log 2 from the previous lemma, we apply the
known derivative formula for binEntropy and the chain rule. Since binEntropy′(x) = log((1−x)/x)
for x ∈ (0, 1) \ {1}, dividing by the constant log 2 gives H ′

2(x) = log((1 − x)/x)/ log 2 = log2((1 −
x)/x).

Lemma (H2 is strictly increasing on (0, 1/2)). The binary entropy function H2 is strictly increasing
on (0, 1/2): for 0 < a < b < 1/2, we have H2(a) < H2(b).

Proof. Let a, b ∈ (0, 1/2) with a < b. Using the representation H2(a) = binEntropy(a)/ log 2 and
H2(b) = binEntropy(b)/ log 2, since log 2 > 0, it suffices to show binEntropy(a) < binEntropy(b).
Both points lie in [0, 1/2], and the natural-logarithm binary entropy function is strictly increasing
on this interval, giving the result.

Theorem (Theorem: H2(δ) < 1/2 for δ ∈ (0, 11/100)). For δ ∈ (0, 11/100), we have H2(δ) < 1/2.

Proof. Let δ satisfy 0 < δ < 11/100. Since 11/100 < 1/2, we have δ ∈ (0, 1/2). By the strict
monotonicity of H2 on (0, 1/2), since δ < 11/100, we obtain H2(δ) < H2(11/100). By the previous
computation, H2(11/100) < 1/2. Combining these inequalities gives H2(δ) < 1/2.

This result has important implications for coding theory, as it provides a concrete upper bound
on the binary entropy function in a range relevant for practical error-correcting codes.

We now turn to the geometric structure underlying these entropy bounds, namely Hamming
balls in the binary vector space Fn

2 .

Definition (Hamming Ball). The Hamming ball of radius r ∈ R centered at the origin in Fn
2 is the

finset
B0(r) = {v ∈ Fn

2 : wt(v) ≤ r},

where wt(v) denotes the Hamming weight of v. When r < 0, the ball is empty.

Theorem (Membership in the Hamming Ball). For v : Finn→ F2 and r ∈ R,

v ∈ B0(r) ⇐⇒ wt(v) ≤ r.

Proof. This follows immediately from the definition of B0(r).

Lemma (Hamming Ball is Empty for Negative Radius). For r < 0, B0(r) = ∅.

Proof. Suppose v ∈ B0(r) for some r < 0. Then wt(v) ≤ r < 0 by definition. However, wt(v) ≥ 0
since it counts the number of nonzero coordinates, yielding a contradiction.

Lemma (Hamming Ball is Nonempty for Nonnegative Radius). For r ≥ 0, B0(r) is nonempty.

Proof. The zero vector 0 ∈ Fn
2 provides a witness, since wt(0) = 0 ≤ r.

The following technical lemmas establish the probabilistic foundation for the main bound.

Lemma (Bernoulli Weight Monotonicity). Let 0 < δ ≤ 1/2 and a ≤ k ≤ n. Then

δk(1− δ)n−k ≤ δa(1− δ)n−a.

Proof. Since δ ≤ 1/2, we have 0 < 1− δ and δ ≤ 1− δ. Writing the powers appropriately and using
the monotonicity of the exponential function, the inequality follows from δk−a ≤ (1 − δ)k−a when
k ≥ a.
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Lemma (Bernoulli Weight Sum). For 0 < δ ≤ 1/2,∑
v:Fn

2

δwt(v)(1− δ)n−wt(v) = 1.

Proof. We establish a bijection between Fn
2 and the power set of {1, . . . , n} by mapping each vector

to its support. Under this correspondence, the Hamming weight equals the cardinality of the
support. The sum becomes ∑

S⊆{1,...,n}

δ|S|(1− δ)n−|S| = (δ + (1− δ))n = 1,

where the second equality uses the binomial theorem.

Lemma (Entropy Logarithm Inequality). Let 0 < δ ≤ 1/2, k ≤ n, and (k : R) + 1 ≤ δ · n. Then

−(k log2 δ + (n− k) log2(1− δ)) ≤ H2(δ) · n.

Proof. Since δ ≤ 1/2, we have log2 δ ≤ log2(1−δ) by monotonicity of the logarithm. The constraint
(k + 1) ≤ δn ensures δn − k > 0. The inequality follows by expanding H2(δ) = −δ log2 δ − (1 −
δ) log2(1− δ) and applying the positivity of (δn− k) · (log2(1− δ)− log2 δ).

Theorem (Hamming Ball Bound). Let n ≥ 1, 0 < δ ≤ 1/2, and k + 1 ≤ δn. Then

|B0(k)| ≤ 2H2(δ)·n.

Proof. Let p = δk(1− δ)n−k > 0. We proceed in two steps.
Step 1: Show |B0(k)| · p ≤ 1. We have

|B0(k)| · p =
∑

v∈B0(k)

p ≤
∑

v∈B0(k)

δwt(v)(1− δ)n−wt(v) ≤
∑
v∈Fn

2

δwt(v)(1− δ)n−wt(v) = 1.

The first inequality uses Bernoulli weight monotonicity: for v ∈ B0(k), we have wt(v) ≤ k, so the
Bernoulli weight δwt(v)(1 − δ)n−wt(v) is at least p. The final equality follows from the Bernoulli
weight sum lemma.

Step 2: Show p−1 ≤ 2H2(δ)n. Taking logarithms, this is equivalent to − log2 p ≤ H2(δ)n. Since
log2 p = k log2 δ + (n − k) log2(1 − δ), we need −(k log2 δ + (n − k) log2(1 − δ)) ≤ H2(δ)n, which
holds by the entropy logarithm inequality.

Combining the steps, |B0(k)| ≤ p−1 ≤ 2H2(δ)n.

This theorem provides a fundamental connection between information-theoretic quantities (bi-
nary entropy) and combinatorial objects (Hamming balls), forming the basis for many results in
coding theory about the trade-offs between code rate and error-correction capability.

1.24 Definition 18: CheegerConstant
The Cheeger constant is a fundamental quantity in spectral graph theory that measures how well a
graph can be partitioned into two roughly equal parts with few edges crossing between them. This
concept connects discrete graph structure to continuous spectral properties, providing a bridge be-
tween combinatorial and algebraic approaches to understanding graph connectivity and expansion.

To define the Cheeger constant, we first need the notion of an edge boundary, which counts the
edges crossing any potential partition.
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Definition (Edge Boundary). Let G = (V,E) be a finite simple graph with a decidable adjacency
relation, and let S ⊆ V be a finite subset of vertices. The edge boundary δS is the finite set of
edges in G that cross the cut determined by S:

δS = {e ∈ E(G) | one endpoint of e lies in S and the other does not}.

Theorem (Membership in the Edge Boundary). Let G be a finite simple graph with decidable
adjacency, S ⊆ V a finite subset, and e ∈ Sym2(V ). Then

e ∈ δS ⇐⇒ e ∈ E(G) ∧ ∃a ∈ S, b /∈ S such that {a, b} = e.

Proof. We prove both directions.
(⇒): Assume e ∈ δS. By definition of δS, we have e ∈ E(G) and either (e.out1 ∈ S∧e.out2 /∈ S)

or (e.out2 ∈ S ∧ e.out1 /∈ S). In the first case, set a = e.out1 and b = e.out2; then {a, b} = e and
a ∈ S, b /∈ S. In the second case, set a = e.out2 and b = e.out1; then {a, b} = e by symmetry, and
again a ∈ S, b /∈ S.

(⇐): Assume e ∈ E(G) and there exist a ∈ S, b /∈ S with {a, b} = e. Let (p, q) be the canonical
ordered pair representation of e. Then either (p, q) = (a, b) or (p, q) = (b, a). In the first case,
p = a ∈ S and q = b /∈ S. In the second case, q = a ∈ S and p = b /∈ S. Either way, e ∈ δS by
definition.

Theorem (Adjacent Edge Lies in Boundary). Let G be a finite simple graph, S ⊆ V a finite subset,
and u, v ∈ V with G.Adj(u, v). If u ∈ S and v /∈ S, then {u, v} ∈ δS.

Proof. Since G.Adj(u, v), we have {u, v} ∈ E(G). Taking a = u ∈ S and b = v /∈ S with
{u, v} = {u, v}, the membership characterization gives {u, v} ∈ δS.

To ensure the Cheeger constant is well-defined, we restrict attention to subsets that are neither
too small nor too large.

Definition (Eligible Subset). A finite subset S ⊆ V is called eligible if:

1. S is nonempty: S 6= ∅, and

2. S is at most half the vertex set: 2|S| ≤ |V |.

Definition (Isoperimetric Ratio). Let G be a finite simple graph with decidable adjacency, and
let S ⊆ V be a finite subset. The isoperimetric ratio of S is

h(S) =
|δS|
|S|

,

where |δS| denotes the cardinality of the edge boundary and |S| the cardinality of S.

Now we can define the central concept.

Definition (Definition 18: Cheeger Constant). Let G be a finite simple graph with decidable
adjacency. The Cheeger constant (or isoperimetric number) of G is

h(G) = inf
S⊆V

EligibleSubset(S)

|δS|
|S|

,

where the infimum is taken over all eligible subsets S. When no eligible subset exists (i.e., |V | < 2),
we set h(G) = 0.
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The Cheeger constant measures the ”bottleneck” in the graph: it finds the subset S that
minimizes the ratio of boundary edges to the size of S, thus identifying the most efficient way to
separate a small portion of the graph from the rest.

Theorem (Eligible Subsets Exist When |V | ≥ 2). If |V | ≥ 2, then there exists an eligible subset
S ⊆ V .

Proof. Since |V | ≥ 2 > 0, the vertex set V is nonempty. Choose any vertex v ∈ V and consider the
singleton S = {v}. Then S is nonempty, and |S| = 1, so 2 · |S| = 2 ≤ |V | by hypothesis. Hence {v}
is an eligible subset.

Theorem (Cheeger Constant is Nonnegative). For any finite simple graph G with decidable adja-
cency, h(G) ≥ 0.

Proof. We consider two cases.
Case 1: |V | ≥ 2. By the previous theorem, there exists an eligible subset S. The set

of isoperimetric ratios {h(S′) | S′ is eligible} is nonempty. For any eligible subset S′, we have
h(S′) = |δS′|/|S′| ≥ 0 since both numerator and denominator are nonnegative. Therefore, h(G) =
inf{h(S′) | S′ eligible} ≥ 0.

Case 2: |V | < 2. Then no eligible subset exists (any nonempty subset would have size at least
1, but 2 · 1 = 2 > |V |). By definition, h(G) = 0 ≥ 0.

A fundamental connection between the Cheeger constant and spectral properties is given by
the following result, though its proof requires advanced techniques.

Theorem (Axiom: Cheeger Inequalities). Let G be a connected s-regular finite simple graph on
vertex set V with |V | ≥ 2. Let λ2 denote the second-largest adjacency eigenvalue of G, and let h(G)
be the Cheeger constant of G. Then the following Cheeger inequalities hold:

s− λ2
2

≤ h(G) ≤
√

2s(s− λ2).

This is stated as an axiom (unproven) in the formalization.

Justification: The Cheeger inequalities are fundamental results in spectral graph theory, es-
tablished through the variational characterization of eigenvalues via the Courant-Fischer min-max
theorem (for the lower bound) and sweep-cut analysis applied to the second eigenvector (for the
upper bound). These are well-established results found in standard references such as Chung’s
Spectral Graph Theory.

Status: This axiom represents mathematically sound and well-known results. It is introduced
as an axiom because Mathlib currently lacks the necessary spectral theory infrastructure, partic-
ularly the Courant-Fischer theorem and sophisticated eigenvector analysis techniques required for
the complete proof.

1.25 Lemma 1: RelativeCheeger
The Cheeger inequality is a fundamental result in spectral graph theory that connects the expan-
sion properties of a graph to the eigenvalues of its adjacency matrix. While the classical Cheeger
inequality bounds the expansion of any subset, applications often require understanding the expan-
sion of subsets with restricted cardinality. This motivates the relative Cheeger inequality, which
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provides stronger bounds for subsets whose size is bounded by a fraction α < 1 of the total vertex
set.

The relative version leverages the spectral gap more effectively by incorporating the constraint
that we only consider subsets of bounded relative size. This additional structure allows us to obtain
tighter expansion guarantees, which are particularly useful in derandomization arguments and in
the analysis of random walks on graphs.

Theorem (Axiom: Spectral Laplacian Bound). Let G = (V,E) be a finite, connected, s-regular
simple graph with |V | ≥ 2, and let λ2 denote its second-largest adjacency eigenvalue. For any
nonempty proper subset S ⊊ V (i.e., 0 < |S| < |V |), the edge boundary δS satisfies:

(s− λ2) · |S| ·
(
1− |S|

|V |

)
≤ |δS|.

This is stated as an axiom (unproven) in the formalization.

Justification: This bound follows from the variational characterization of λ2 via the Courant-
Fischer theorem and spectral decomposition techniques. The proof strategy involves setting f = 1S
(the indicator function of S), decomposing it as f = f̄ · 1 + g where f̄ = |S|/|V | is the average,
and applying the spectral theorem to show gT (sI − A)g ≥ (s − λ2)‖g‖2. The key insight is that
gT g = |S|(1− |S|/|V |) and fT (sI −A)f = |δS|.

Status: This axiom represents a well-established result in spectral graph theory but requires
eigenvalue decomposition machinery not yet available in Mathlib. It could be formally proven once
Mathlib’s linear algebra library includes the necessary spectral theory for symmetric matrices.

We begin with several technical lemmas needed for the main result.

Lemma (Lemma 2: Cardinality Bound Implies Large Graph). Let V be a finite type, S ⊆ V a
finset, and α ∈ R with α < 1. If 0 < |S| and |S| < α · |V |, then |V | ≥ 2.

Proof. We argue by contradiction. Suppose |V | < 2. Since |V | is a natural number, we have
|V | ≤ 1. Since S ⊆ V , we have |S| ≤ |V | ≤ 1. Combined with 0 < |S|, this forces |S| = 1 and thus
|V | = 1. Substituting into the constraint |S| < α · |V | yields 1 < α · 1 = α, contradicting α < 1.
Therefore |V | ≥ 2.

Lemma (Lemma 3: Division Preserves Inequality). Let S ⊆ V be a finset, α ∈ R with α > 0, and
|V | > 0. If |S| < α · |V |, then |S|/|V | < α.

Proof. Since |V | > 0, we have (|V | : R) > 0. The inequality |S|/|V | < α is equivalent to |S| < α·|V |
when |V | > 0. The result follows by dividing both sides of the given inequality by |V |.

Lemma (Lemma 4: Alpha Bound Implies Strict Inequality). Let S ⊆ V be a finset and α ∈ R
with α < 1. If (|S| : R) < α · |V |, then |S| < |V | as natural numbers.

Proof. We first establish that |V | > 0. If |V | = 0, then α · |V | = 0, but |S| ≥ 0 and |S| < 0 would
be impossible. Therefore |V | > 0.

Now we compute:
(|S| : R) < α · |V | < 1 · |V | = |V |,

where the second inequality uses α < 1 and |V | > 0. Casting back to natural numbers gives
|S| < |V |.
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Lemma (Lemma 1: Relative Cheeger Inequality). Let G = (V,E) be a finite, connected, s-regular
simple graph, and let λ2 denote its second-largest adjacency eigenvalue. Let α ∈ (0, 1) and let
S ⊆ V with 0 < |S| and |S| < α · |V |. Then:

(1− α)(s− λ2) ≤
|δS|
|S|

.

Proof. By Lemma 2, the conditions 0 < |S|, |S| < α · |V |, and α < 1 guarantee that |V | ≥ 2, so the
second-largest eigenvalue λ2 is well-defined.

We establish several auxiliary facts:

• (|S| : R) > 0 and (|V | : R) > 0 since |S| > 0 and |V | ≥ 2.

• |S| < |V | as natural numbers by Lemma 4.

• |S|/|V | < α by Lemma 3.

• 1− α < 1− |S|/|V | by the previous inequality.

• 1− α > 0 since α < 1.

By the Spectral Laplacian Bound Axiom (unproven), since S is a nonempty proper subset
of V , we have:

(s− λ2) · |S| ·
(
1− |S|

|V |

)
≤ |δS|. (∗)

We now consider two cases based on the sign of s− λ2.
Case 1: s− λ2 ≥ 0.
Our goal (1 − α)(s − λ2) ≤ |δS|/|S| is equivalent to (1 − α)(s − λ2) · |S| ≤ |δS| since |S| > 0.

We compute:

(1− α)(s− λ2) · |S| = (s− λ2) · |S| · (1− α) (15)

≤ (s− λ2) · |S| ·
(
1− |S|

|V |

)
(16)

≤ |δS| (17)

The second inequality uses 1−α ≤ 1− |S|/|V | and (s−λ2) · |S| ≥ 0. The third inequality is axiom
(∗).

Case 2: s− λ2 < 0.
Then (1− α)(s− λ2) < 0 since 1− α > 0. Therefore:

(1− α)(s− λ2) ≤ 0 ≤ |δS|
|S|

,

where the final inequality holds since |δS| ≥ 0 and |S| > 0.
In both cases, the desired inequality is established.

The relative Cheeger inequality provides a quantitative measure of how the spectral gap (s−λ2)
translates into expansion properties for subsets of restricted size. The factor (1 − α) reflects the
additional structure gained by restricting to subsets with |S| < α|V |: as α decreases, we consider
smaller subsets and obtain stronger expansion guarantees. This result is particularly powerful in
applications where one can control or bound the size of the subsets under consideration.
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1.26 Theorem 5: AlonBoppanaBound
The spectral theory of regular graphs reveals deep connections between combinatorial properties
and eigenvalue bounds. A fundamental question in this area concerns the smallest possible second-
largest eigenvalue for families of regular expander graphs. This question was resolved by Alon and
Boppana, who established a universal lower bound that demonstrates the optimality of Ramanujan
graphs.

The motivation stems from expander graph theory: for a d-regular graph to have good expansion
properties, its second-largest eigenvalue λ2 should be as small as possible. While trivial bounds give
|λ2| ≤ d, the Alon-Boppana theorem shows that much stronger constraints apply to large regular
graphs, establishing that λ2 ≥ 2

√
d− 1− o(1) for expanding families.

Lemma (Diameter Implies At Least Two Vertices). Let G be a connected simple graph on a finite
vertex set V with diam(G) ≥ 2. Then |V | ≥ 2.

Proof. By contradiction, assume |V | ≤ 1. Then V contains at most one vertex, so every simple
graph on V has extended diameter 0. But then diam(G) = 0, contradicting diam(G) ≥ 2.

Lemma (Regular Graph Has At Least Two Vertices). Let G be a connected simple graph on a
finite vertex set V that is s-regular for some s ≥ 3. Then |V | ≥ 2.

Proof. By contradiction, assume |V | ≤ 1. Since G is connected, V is nonempty, so V = {v} for
some vertex v. In a simple graph, v has no self-loops, so its neighborhood is empty: any neighbor
w of v satisfies v 6= w by the definition of adjacency, but v = w since V = {v}, a contradiction.
Hence deg(v) = 0. But by s-regularity, deg(v) = s ≥ 3, a contradiction.

Lemma (Inner Product via Eigenvalue Expansion). Let E be a finite-dimensional real inner product
space with dimRE = n, and let T : E → E be a symmetric linear operator with eigenvalues λi and
an orthonormal eigenvector basis {ei}n−1

i=0 . For any x ∈ E,

〈Tx, x〉 =
n−1∑
i=0

λi〈ei, x〉2.

Proof. Express x in the eigenvector basis: x =
∑

i〈ei, x〉ei. By linearity of T and the inner product:

〈Tx, x〉 =

〈
T

(∑
i

〈ei, x〉ei

)
, x

〉
=

〈∑
i

〈ei, x〉λiei, x

〉
.

Expanding using linearity of the inner product:

=
∑
i

〈ei, x〉λi〈ei, x〉 =
∑
i

λi〈ei, x〉2.

The last equality uses the orthonormality of the eigenvector basis.

Lemma (Courant-Fischer Bound for Second Eigenvalue). Let E be a finite-dimensional real inner
product space with dimRE = n ≥ 2, and let T : E → E be a symmetric linear operator with
eigenvalues λ0 ≥ λ1 ≥ · · · ≥ λn−1 and orthonormal eigenvector basis {ei}. If x 6= 0 satisfies
〈e0, x〉 = 0, then

〈Tx, x〉 ≤ λ1 · ‖x‖2.
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Proof. By the eigenvalue expansion lemma, 〈Tx, x〉 =
∑

i λi〈ei, x〉2 and ‖x‖2 =
∑

i〈ei, x〉2 by
Parseval’s identity. Since 〈e0, x〉 = 0, the i = 0 term contributes zero. For i ≥ 1, the eigenvalue
ordering gives λi ≤ λ1, so:∑

i

λi〈ei, x〉2 =
∑
i≥1

λi〈ei, x〉2 ≤
∑
i≥1

λ1〈ei, x〉2 = λ1
∑
i

〈ei, x〉2 = λ1‖x‖2.

Theorem (Theorem 5: Alon-Boppana Bound (Quantitative Form, Nilli 1991)). Let G be a finite,
connected s-regular simple graph on a finite vertex set V with s ≥ 3 and diameter D = diam(G) ≥ 2.
Let λ2 denote the second-largest eigenvalue of the adjacency matrix of G. Then

λ2 ≥ 2
√
s− 1− 2

√
s− 1− 1

bD/2c
.

This is stated as an axiom (unproven) in the formalization.

Justification: The Alon-Boppana bound is a fundamental result in spectral graph theory,
originally proven by Alon and Boppana using trace methods, and later refined by Nilli using edge-
based constructions. The proof constructs test vectors supported on breadth-first search layers
and bounds the Rayleigh quotient through careful analysis of the resulting quadratic form. This
approach requires sophisticated infrastructure for BFS tree analysis and precise estimates of cross-
layer adjacencies that was not completed in the formalization.

Status: This axiom represents a known true result from the literature. The bound is established
in Alon’s survey ”Eigenvalues and expanders” and Nilli’s 1991 paper providing the quantitative
form. It could be formally proven once Mathlib develops more extensive infrastructure for spectral
graph theory and BFS-based constructions.

Theorem (Moore Bound). Let G be a finite, connected s-regular simple graph on vertex set V with
s ≥ 3. Let D = diam(G). Then

|V | · (s− 2)

s
≤ (s− 1)D.

Proof. We use a BFS layer counting argument. Fix a vertex v0 and define layers Lk = {w :
dist(v0, w) = k} for k ∈ {0, . . . , D}. Since G is connected, V =

⋃D
k=0 Lk and the layers are disjoint,

so |V | =
∑D

k=0 |Lk|.
We have |L0| = 1 (only v0). For k ≥ 1, we bound |Lk| inductively:

• Base case (k = 1): L1 consists of neighbors of v0, so |L1| ≤ s.

• Inductive step: For k ≥ 1, each vertex w ∈ Lk+1 has a predecessor u ∈ Lk with u adjacent
to w. Since u has degree s but at least one neighbor lies in Lk−1 (when k ≥ 1), at most s− 1
neighbors of u can lie in Lk+1. Therefore |Lk+1| ≤ (s− 1) · |Lk|.

This gives |Lk| ≤ s · (s− 1)k−1 for k ≥ 1. Therefore:

|V | = 1 +
D∑

k=1

|Lk| ≤ 1 + s
D−1∑
k=0

(s− 1)k = 1 + s · (s− 1)D − 1

s− 2

using the geometric series formula. Rearranging:

|V | · (s− 2) ≤ (s− 2) + s · ((s− 1)D − 1) = s · (s− 1)D.

Dividing by s completes the proof.
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Theorem (Diameter Lower Bound via Moore Bound). Let G be a finite, connected s-regular simple
graph on vertex set V with s ≥ 3. Then

logs−1

(
|V | · (s− 2)

s

)
≤ diam(G).

Proof. Since s ≥ 3, we have s− 1 ≥ 2 > 1. The Moore bound gives |V | · (s− 2)/s ≤ (s− 1)D where
D = diam(G). Taking logarithms base s− 1 on both sides (valid since the base exceeds 1 and the
argument is positive), we obtain the desired inequality.

Theorem (Gershgorin Eigenvalue Bound for Regular Graphs). Let G be an s-regular simple graph
on a finite vertex set W . For each eigenvalue λ of the adjacency matrix,

|λ| ≤ s.

Proof. By the Gershgorin circle theorem, every eigenvalue lies in a closed disk centered at some
diagonal entry with radius equal to the sum of absolute values of off-diagonal entries in that row.
For the adjacency matrix A of G:

• Diagonal entries: Akk = 0 since G has no self-loops

• Off-diagonal entries: |Akj | = 1 if k and j are adjacent, 0 otherwise

• Gershgorin radius for row k:
∑

j ̸=k |Akj | = deg(k) = s by regularity

Therefore every eigenvalue lies in the closed disk {z ∈ C : |z − 0| ≤ s}, giving |λ| ≤ s.

Theorem (Asymptotic Alon-Boppana Bound). Let s ≥ 3, let n : N → N, and let Gi be a connected
s-regular simple graph on vertex set of size n(i) for each i, with n(i) ≥ 2 for all i. If n(i) → ∞,
then

2
√
s− 1 ≤ lim inf

i→∞
λ2(Gi),

where λ2(Gi) denotes the second-largest eigenvalue of the adjacency matrix of Gi.
This is stated as an axiom (unproven) in the formalization.

Justification: This follows conceptually from the quantitative Alon-Boppana bound and the
diameter lower bound: as n(i) → ∞, the Moore bound forces diam(Gi) → ∞, so the correction
term (2

√
s− 1− 1)/bDi/2c vanishes and the bound approaches 2

√
s− 1. It is stated as an axiom

because connecting graph diameter growth with limit inferior analysis requires infrastructure for
asymptotic analysis of graph sequences not available in Mathlib.

Status: This represents the standard asymptotic form of the Alon-Boppana theorem found in
the literature. It could be proven by combining the quantitative bound with careful asymptotic
analysis.

Theorem (Ramanujan Bound Is Tight). Let s ≥ 3, let n : N → N, and let Gi be a connected
s-regular simple graph on vertex set of size n(i) for each i, with n(i) ≥ 2 and n(i) → ∞. Suppose
there exists ε > 0 such that

λ2(Gi) ≤ s− ε for all i.

Then ε ≤ s−2
√
s− 1. In particular, any uniform spectral gap for an expander family cannot exceed

s− 2
√
s− 1, so the Ramanujan bound λ2 ≤ 2

√
s− 1 is best possible.
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Proof. By the asymptotic Alon-Boppana bound (unproven axiom), since n(i) → ∞ and each Gi is
connected and s-regular with |Vi| ≥ 2:

2
√
s− 1 ≤ lim inf

i→∞
λ2(Gi).

The uniform bound λ2(Gi) ≤ s− ε holds for all i, which implies:

lim inf
i→∞

λ2(Gi) ≤ s− ε.

Combining these inequalities: 2
√
s− 1 ≤ s− ε, hence ε ≤ s− 2

√
s− 1.

Note: This proof relies on the unproven Asymptotic Alon-Boppana Bound axiom. The opti-
mality conclusion is conditional on that axiom’s validity.

The Alon-Boppana theorem reveals a fundamental limitation in expander graph construction:
no infinite family of s-regular graphs can have uniformly bounded second eigenvalue below 2

√
s− 1.

This establishes Ramanujan graphs—those achieving λ2 ≤ 2
√
s− 1—as optimal expanders. The

result connects deep concepts from number theory (where Ramanujan graphs arise from modular
forms) with combinatorial optimization, showing that certain algebraic constructions achieve the
best possible expansion properties.

The dependence on unproven axioms reflects the technical complexity of the original proof,
which requires sophisticated spectral analysis beyond current Mathlib capabilities. However, the
mathematical content represents well-established results from the spectral graph theory literature.

1.27 Theorem 6: AlonChung
The Alon-Chung bound is a fundamental result in algebraic graph theory that provides a powerful
connection between the spectral properties of a graph and its combinatorial structure. For regular
graphs, it bounds the number of edges induced by any subset of vertices in terms of the graph’s
eigenvalues, particularly the spectral gap. This bound has applications in expander graph theory,
random walks on graphs, and the analysis of graph algorithms.

The key insight is that eigenvector analysis allows us to decompose the indicator function of a
vertex subset into components aligned with different eigenspaces, leading to sharp estimates when
the graph has good expansion properties.

Definition (Definition: Induced Edge Set). Let G = (V,E) be a simple graph and S ⊆ V a finite
subset. The induced edge set of S is

X(S)1 = {e ∈ E | ∀v ∈ e, v ∈ S} = E ∩ S(2),

where S(2) denotes the set of unordered pairs of elements of S.

Definition (Definition: Indicator Vector). For a finite vertex set V and S ⊆ V , the indicator
vector 1S : V → R is defined by

1S(v) =

{
1 if v ∈ S,

0 if v /∈ S.

A crucial connection between linear algebra and graph structure is established by the following
relationship between quadratic forms and induced edges.

54



Lemma (Lemma: Quadratic Form Equals Twice Induced Edges). Let G be a simple graph on V
and M = A(G) its adjacency matrix over R. For any S ⊆ V ,

1⊤SM1S = 2|X(S)1|.

Proof. We unfold the dot product and matrix-vector multiplication:

1⊤SM1S =
∑
v∈V

1S(v)
∑
w∈V

Mvw1S(w).

Since Mvw = 1 if G has an edge between v and w and 0 otherwise, and 1S(v),1S(w) ∈ {0, 1},
this simplifies to counting ordered pairs (v, w) where G has an edge between v and w and both
vertices lie in S. By symmetry of the adjacency relation, each unordered edge {v, w} ∈ X(S)1
corresponds to exactly two ordered pairs (v, w) and (w, v) with v 6= w. Therefore the total count
equals 2|X(S)1|.

The spectral approach requires understanding the eigenstructure of regular graphs.

Lemma (Lemma: Spectral Decomposition of Quadratic Form). Let A be a Hermitian matrix on
V with orthonormal eigenvector basis (vj)j∈V and corresponding real eigenvalues (λj). For any
x : V → R,

x⊤Ax =
∑
j∈V

λj(x · vj)2.

Proof. Let U be the orthogonal matrix of eigenvectors with A = UDU⊤ where D = diag(λj).
Setting y = U⊤x, we have x⊤Ax = y⊤Dy =

∑
j λjy

2
j . Since yj = (U⊤x)j = x · vj where vj is the

j-th eigenvector, the result follows.

For regular graphs, the largest eigenvalue has a simple characterization.

Lemma (Lemma: Maximum Eigenvalue of Regular Graph). If G is s-regular with |V | ≥ 2, then
the largest eigenvalue of A(G) equals s.

Proof. The all-ones vector 1 satisfies A(G)1 = s1 by regularity, so s is an eigenvalue. For any
eigenvalue λ with eigenvector v, the Rayleigh quotient gives λ = v⊤Av/‖v‖2. By the AM-GM
inequality applied to the adjacency structure and using regularity, we obtain λ ≤ s. Therefore s is
the maximum eigenvalue.

A critical but unproven result needed for the main theorem concerns the eigenspace structure:

Theorem (Axiom: Regularity Implies Eigenvalue-s Eigenvectors Are Constant). Let G be an s-
regular graph with s ≥ 1 and |V | ≥ 2. Suppose the largest eigenvalue λ1 is strictly larger than
the second-largest: λ1(A(G)) > λ2(A(G)). If v : V → R satisfies A(G)v = sv, then v is globally
constant, i.e., there exists c ∈ R such that v = c1.

This is stated as an axiom (unproven) in the formalization.

Justification: This result combines two classical facts from spectral graph theory: (1) the
discrete maximum principle shows that eigenvectors for the maximal eigenvalue are constant on
connected components, and (2) a simple top eigenvalue (strict inequality λ1 > λ2) implies the graph
is connected, since otherwise each component would contribute an independent eigenvector, giving
multiplicity ≥ 2 for the top eigenvalue.
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Status: This axiom represents well-established theory but requires infrastructure (harmonic
function theory on graphs and eigenspace dimension analysis) not currently available in Mathlib.
The result could be formally proven with additional development of the spectral graph theory
library.

The key technical step uses this axiom to control quadratic forms on mean-zero vectors:

Lemma (Lemma: Spectral Bound on Quadratic Form). Let G be s-regular with s ≥ 1, |V | ≥ 2.
Let n = |V |, γ = |S|/n, and λ2 = λ2(A(G)). Then

1⊤SA(G)1S ≤ sγ2n+ λ2γ(1− γ)n.

Proof. Set zv = 1S(v)− γ so that
∑

v zv = |S| − γn = 0. Write 1S = γ1+ z. Using the linearity of
the quadratic form and the fact that A(G)1 = s1 for regular graphs:

1⊤SA1S = sγ2n+ z⊤Az.

To bound z⊤Az, we use spectral decomposition: z⊤Az =
∑

j λj(z · vj)2 where (vj) are or-
thonormal eigenvectors. The key observation is that if λj > λ2, then by the eigenvalue order-
ing and regularity, λj = λ1 = s. By Axiom: Regularity Implies Eigenvalue-s Eigenvec-
tors Are Constant (unproven), the corresponding eigenvector vj is constant, so z · vj = 0
since

∑
v zv = 0. Therefore only eigenvalues ≤ λ2 contribute non-trivially to the sum, giving

z⊤Az ≤ λ2‖z‖2 = λ2γ(1− γ)n.

Theorem (Theorem 6: Alon-Chung Bound). Let G be a finite s-regular simple graph with s ≥ 1
and |V | ≥ 2. Let λ2 = λ2(A(G)) be the second-largest eigenvalue of the adjacency matrix. For any
nonempty proper subset S ⊊ V , set n = |V |, γ = |S|/n, and

α = γ2 +
λ2
s
γ(1− γ).

Then the number of edges in the induced subgraph on S satisfies

|X(S)1| ≤ α|E(G)|.

Proof. The proof combines the quadratic form identity with spectral bounds.
Step 1: By the quadratic form identity, 1⊤SA(G)1S = 2|X(S)1|.
Step 2: By the spectral bound lemma (which relies on Axiom: Regularity Implies Eigenvalue-

s Eigenvectors Are Constant):

1⊤SA(G)1S ≤ sγ2n+ λ2γ(1− γ)n.

Step 3: For an s-regular graph, the handshaking lemma gives 2|E(G)| = sn, so |E(G)| = sn/2.
Step 4: Combining steps 1-3:

2|X(S)1| ≤ sγ2n+ λ2γ(1− γ)n.

Dividing by 2 and substituting |E(G)| = sn/2:

|X(S)1| ≤
sγ2n+ λ2γ(1− γ)n

2
=

(
γ2 +

λ2
s
γ(1− γ)

)
sn

2
= α|E(G)|.
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Note: This proof relies on the unproven Axiom: Regularity Implies Eigenvalue-s Eigen-
vectors Are Constant. The bound is conditional on the validity of this axiom, which represents
established mathematical theory requiring infrastructure beyond the current Mathlib development.

The Alon-Chung bound is particularly powerful for expander graphs, where λ2 is small relative
to s. In such cases, for balanced sets (γ ≈ 1/2), the bound approaches γ2|E(G)|, which is sig-
nificantly smaller than the trivial bound of γ2|V |2 for dense subsets. This spectral gap condition
captures the intuition that good expanders distribute edges uniformly, preventing large induced
subgraphs.

1.28 Corollary 1: AlonChungContrapositive
The Alon-Chung lemma provides a fundamental tool for analyzing the edge distribution in regular
graphs with small second eigenvalue. In many applications, we need to determine when a given
edge set must be incident to many vertices. This motivates studying the contrapositive form of the
Alon-Chung bound.

While the classical Alon-Chung lemma gives an upper bound on the number of edges induced
by a vertex set, the contrapositive provides a lower bound on the number of vertices incident to a
large edge set. This perspective is particularly valuable in extremal graph theory and randomized
algorithms.

Corollary (Corollary 1: Alon-Chung Contrapositive). Let G be an s-regular simple graph on vertex
set V with |V | ≥ 2 and s ≥ 1. Let λ2 ≥ 0 denote the second-largest adjacency eigenvalue of G. For
any edge set E ⊆ edgeFinset(G) and parameter 0 < γ < 1, define

α = γ2 +
λ2
s
γ(1− γ).

If the edge set E contains more than an α fraction of all edges,

|E| > α · | edgeFinset(G)|,

then the set of vertices incident to E contains more than a γ fraction of all vertices,

|Γ(E)| > γ · |V |,

where Γ(E) = {v ∈ V | ∃e ∈ E, v ∈ e} denotes the set of vertices incident to edges in E.

Proof. We establish the contrapositive by first proving the direct implication and then applying
proof by contradiction.

Step 1: Direct Form. We first show that if |Γ(E)| ≤ γ · |V |, then |E| ≤ α · | edgeFinset(G)|.
Let S = Γ(E) and consider two cases.
Case 1a: If S = ∅, then E = ∅. Indeed, if E were nonempty, any edge e ∈ E would have

at least one endpoint, which would belong to Γ(E) = S, contradicting S = ∅. Thus |E| = 0 ≤
α · | edgeFinset(G)|.

Case 1b: If S 6= ∅, set n = |V | and γ′ = |S|/n. Then γ′ > 0 and γ′ ≤ γ by hypothesis. Since
γ < 1, we have |S| < |V | (otherwise 1 ≤ γ′ ≤ γ < 1, a contradiction).

Every edge in E is contained in the induced subgraph on S, since both endpoints of any e ∈ E
belong to Γ(E) = S by definition. Therefore E ⊆ inducedEdges(G,S).

By the classical Alon-Chung lemma applied to the vertex set S,

| inducedEdges(G,S)| ≤ α′ · | edgeFinset(G)|,
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where α′ = γ′2 + (λ2/s) γ
′(1− γ′).

Since the largest eigenvalue equals s and eigenvalues are ordered, we have λ2 ≤ s, so λ2/s ≤ 1.
The function f(t) = t2+c ·t(1−t) is increasing in t for c ∈ [0, 1], which can be verified by computing
f ′(t) = 2t+ c(1− 2t) = (2− c)t+ c ≥ 0 for t ≥ 0. Therefore, since 0 < γ′ ≤ γ, we have α′ ≤ α.

Combining these inequalities:

|E| ≤ | inducedEdges(G,S)| ≤ α′ · | edgeFinset(G)| ≤ α · | edgeFinset(G)|.

Step 2: Contrapositive. Now suppose |E| > α · | edgeFinset(G)|. If |Γ(E)| ≤ γ · |V |, then by
the direct form established in Step 1, we would have |E| ≤ α · | edgeFinset(G)|, contradicting our
hypothesis. Therefore |Γ(E)| > γ · |V |.

This contrapositive form is particularly useful in applications where we know the size of an
edge set and wish to deduce information about vertex expansion. The parameter α interpolates
between γ2 (when λ2 = 0, corresponding to disconnected components) and roughly γ (when λ2 ≈ s,
corresponding to poorly expanding graphs). For expander graphs with small λ2/s, the bound
becomes nearly optimal.

1.29 Definition 19: EdgeBoundaryVertex
In the study of cell complexes, understanding the local behavior of boundaries at specific vertices
provides crucial insights into the combinatorial structure. When we have a subset of vertices that
defines a region, the edges that connect this region to its complement form the edge boundary.
Refining this concept to focus on a particular vertex gives us a powerful tool for local analysis.

To formalize this notion, we first need the concept of an edge boundary of a vertex subset. For
a cell complex X and vertex subset S ⊆ X0, the edge boundary δS consists of those edges whose
boundary intersects both S and its complement. Additionally, for any vertex v, we denote by δv
the set of edges incident to v (the star of v).

Definition (Definition 19: Edge Boundary at a Vertex). Let X be a cell complex, S ⊆ X0 be
a subset of vertices, and v ∈ X0 be a vertex. The edge boundary of S at vertex v is the
intersection

(δS)v = δS ∩ δv = {e ∈ X1 | e ∈ δS and v ∈ ∂1e}.

This concept captures exactly those boundary edges that pass through a specific vertex v, pro-
viding a localized view of how the vertex subset S interacts with its complement in the neighborhood
of v.

Theorem (Membership Characterization). Let X be a cell complex, S ⊆ X0, v ∈ X0, and e ∈ X1.
Then

e ∈ (δS)v ⇐⇒ e ∈ δS and v ∈ ∂1e.

Proof. This follows immediately from the definition of (δS)v as the intersection δS ∩ δv, where
δv = {e ∈ X1 | v ∈ ∂1e}.

Theorem (Alternate Characterization). Let X be a cell complex, S ⊆ X0, v ∈ X0, and e ∈ X1.
Then

e ∈ (δS)v ⇐⇒ v ∈ ∂1e and (∃u ∈ ∂1e, u ∈ S) and (∃w ∈ ∂1e, w /∈ S).
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Proof. By the membership characterization, e ∈ (δS)v if and only if e ∈ δS and v ∈ ∂1e. The
condition e ∈ δS means that the boundary ∂1e contains both a vertex in S and a vertex not in S.
Combining these conditions gives the stated equivalence.

Theorem (Subset Properties). Let X be a cell complex, S ⊆ X0, and v ∈ X0. Then:

1. (δS)v ⊆ δS

2. (δS)v ⊆ δv

Proof. Both inclusions follow from the definition (δS)v = δS ∩ δv. For any intersection A ∩B, we
have A ∩B ⊆ A and A ∩B ⊆ B by the general properties of set intersection.

Lemma (Non-emptiness Condition). Let X be a cell complex, S ⊆ X0, and v ∈ X0. If there exists
an edge e ∈ X1 such that e ∈ δS and v ∈ ∂1e, then (δS)v is nonempty.

Proof. Given such an edge e, the conditions e ∈ δS and v ∈ ∂1e directly imply e ∈ (δS)v by the
membership characterization. Therefore, (δS)v 6= ∅.

The edge boundary at a vertex provides a refined tool for analyzing the local structure of vertex
subsets in cell complexes. This concept is particularly useful in applications such as discrete Morse
theory and topological data analysis, where understanding how boundaries behave in neighborhoods
of specific vertices is essential for computational algorithms and theoretical analysis.

1.30 Lemma 2: EdgeToVertexExpansion
In expander graph theory, one fundamental question concerns the relationship between edge expan-
sion and vertex expansion. Given a set of edges in a regular graph, how large must the neighborhood
of incident vertices be? This edge-to-vertex expansion phenomenon is crucial for understanding
mixing properties of random walks and has applications in coding theory and pseudorandomness.

The key insight is that spectral properties of the graph, particularly the second-largest eigen-
value, provide quantitative bounds on this expansion. We introduce two related parameters that
capture this relationship precisely.

Definition (Quadratic Inverse γ(α)). Let s, λ2, a ∈ R. The quadratic inverse is defined by

γ(s, λ2, a) :=

√
λ22 + 4s(s− λ2)a− λ2

2(s− λ2)
.

This is the solution g to the equation a = g2 + λ2
s g(1− g).

Definition (Expansion Parameter β). Let s, λ2, a ∈ R. The expansion parameter is defined by

β(s, λ2, a) :=

√
λ22 + 4s(s− λ2)a− λ2

s(s− λ2)a
.

These parameters are related by the identity β(s, λ2, a) = 2γ(s,λ2,a)
sa when s 6= 0 and a 6= 0.
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Lemma (Lemma 2: Edge-to-Vertex Expansion). Let G be a finite connected s-regular simple graph
on vertex set V with |V | ≥ 2 and second-largest eigenvalue λ2 < s. Let 0 < α ≤ 1 and let E ⊆ E(G)
be a set of edges with |E| ≤ α|E(G)|. Then

|Γ(E)| ≥ β(s, λ2, α)|E|,

where Γ(E) denotes the set of vertices incident to some edge in E, and

β(s, λ2, α) =

√
λ22 + 4s(s− λ2)α− λ2

s(s− λ2)α
.

Proof. We first handle the trivial case where E = ∅: the bound |Γ(∅)| ≥ β ·0 = 0 holds immediately.
Assume E 6= ∅. Let n = |V | and define α̃ = |E|/|E(G)|. We have 0 < α̃ ≤ α since |E| ≤

α|E(G)|.
Step 1 (Spectral bound via γ): We first establish that |Γ(E)| ≥ γ(s, λ2, α̃)n.
Set S = Γ(E). Since E 6= ∅, we have S 6= ∅. Moreover, every edge in E has both endpoints in

S, so E ⊆ inducedEdges(G,S).
If |S| = |V |, then we need γ(s, λ2, α̃) ≤ 1. This follows from α̃ ≤ 1 and the fact that γ is

increasing in its third argument.
If |S| < |V |, let γ′ = |S|/n. By the Alon-Chung theorem,

| inducedEdges(G,S)| ≤
(
γ′2 +

λ2
s
γ′(1− γ′)

)
|E(G)|.

Since |E| ≤ | inducedEdges(G,S)|, we have α̃ ≤ γ′2 + λ2
s γ

′(1− γ′).
The function γ(s, λ2, ·) is the inverse of t 7→ t2 + λ2

s t(1− t) on [0, 1], so γ(s, λ2, α̃) ≤ γ′, giving
|Γ(E)| = |S| = γ′n ≥ γ(s, λ2, α̃)n.

Step 2 (Concavity property): The function γ(s, λ2, ·) satisfies the concavity-type inequality

γ(s, λ2, α)α̃ ≤ γ(s, λ2, α̃)α.

This follows from the convexity properties of the square root function after algebraic manipulation.
Step 3 (Handshaking lemma): For an s-regular graph, |E(G)| = s|V |

2 , so

α̃ · n =
|E|

|E(G)|
· n =

|E| · n
sn
2

=
2|E|
s
.

Step 4 (Final combination): Using the identity β(s, λ2, α) = 2γ(s,λ2,α)
sα , we compute:

β(s, λ2, α)|E| = 2γ(s, λ2, α)

sα
|E|

=
γ(s, λ2, α)

α
· 2|E|
s

=
γ(s, λ2, α)

α
· (α̃n)

=
γ(s, λ2, α)α̃

α
· n

≤ γ(s, λ2, α̃)α

α
· n (by Step 2)

= γ(s, λ2, α̃)n

≤ |Γ(E)| (by Step 1).
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This result provides an explicit lower bound on vertex expansion in terms of edge density,
parameterized by the spectral gap s−λ2. When λ2 is small (strong expansion), the parameter β is
approximately 2/s, giving nearly optimal vertex expansion. The bound degrades gracefully as λ2
approaches s, reflecting the transition from expander to non-expander behavior.

1.31 Lemma 3: RelativeVertexToEdgeExpansion
Graph expansion is a fundamental concept in spectral graph theory, measuring how well-connected
a graph is. A key question is understanding the relationship between global expansion properties
and local vertex behavior. When we have a subset of vertices with poor global expansion, we want
to know how many individual vertices within that subset contribute significantly to the boundary.

The following result, known as the relative vertex-to-edge expansion theorem, provides a quan-
titative answer. It shows that if a subset has reasonable global expansion (bounded by spectral
properties), then a significant fraction of its vertices must have high local boundary degree. This
connects spectral bounds to combinatorial structure.

Definition (Definition: Edge Boundary at Vertex). Let G = (V,E) be a simple graph and S ⊆ V .
For a vertex v ∈ V , the edge boundary at v is the set of edges in the edge boundary δS that are
incident to v:

(δS)v := {e ∈ δS | v ∈ e}.

Definition (Definition: High Expansion Vertices). Let G = (V,E) be a simple graph, S ⊆ V ,
s ∈ N, and b ∈ R. The set of high expansion vertices is

A := {v ∈ S | s− b ≤ |(δS)v|},

i.e., the vertices in S whose local boundary degree is at least s− b.

These definitions allow us to decompose the global edge boundary into local contributions from
individual vertices. The parameter b serves as a threshold: vertices with boundary degree at least
s− b are considered ”high expansion.”

Lemma (Lemma: Partition Sum of Edge Boundary). For any graph G and subset S ⊆ V , the edge
boundary decomposes as a disjoint union over vertices in S:

|δS| =
∑
v∈S

|(δS)v|.

Proof. We first show that δS =
⋃

v∈S(δS)v. For the forward direction: given e ∈ δS, the edge
e connects a vertex in S to a vertex outside S. Write e = {a, b} with a ∈ S and b /∈ S. Then
e ∈ (δS)a since a ∈ S and a ∈ e, so e belongs to the union.

For the reverse direction: if e ∈ (δS)v for some v ∈ S, then by definition e ∈ δS.
Next, we show the family {(δS)v}v∈S is pairwise disjoint. Suppose e ∈ (δS)v ∩ (δS)w with

v 6= w. Then e ∈ δS, so e = {a, b} with a ∈ S and b /∈ S. Since v ∈ e and w ∈ e, and e has exactly
two elements, each of v, w equals either a or b. Since v, w ∈ S but b /∈ S, we must have v = a and
w = a, contradicting v 6= w.

Having established the disjoint partition, the cardinality identity follows immediately.

Lemma (Lemma: Boundary Degree Bound). Let G be an s-regular graph. For any S ⊆ V and
v ∈ V ,

|(δS)v| ≤ s.
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Proof. Since (δS)v ⊆ {e ∈ E : v ∈ e} is a subset of all edges incident to v, we have

|(δS)v| ≤ |{e ∈ E : v ∈ e}| = degG(v) = s,

where the final equality uses s-regularity.

Lemma (Lemma: Relative Cheeger Inequality). Let G be a finite, connected, s-regular graph on
|V | ≥ 2 vertices with second-largest eigenvalue λ2. For α ∈ (0, 1) and S ⊆ V with 0 < |S| and
|S| ≤ α|V |,

(1− α)(s− λ2)|S| ≤ |δS|.

Proof. Since |S| ≤ α|V | and α < 1, we have |S| < |V |, so S is a proper nonempty subset.
Case 1: If s− λ2 ≥ 0, then by the spectral Laplacian bound,

(s− λ2)|S|
(
1− |S|

|V |

)
≤ |δS|.

Since |S|/|V | ≤ α, we have 1−α ≤ 1−|S|/|V |. Multiplying by the nonnegative quantity (s−λ2)|S|
preserves the inequality:

(1− α)(s− λ2)|S| ≤ (s− λ2)|S|
(
1− |S|

|V |

)
≤ |δS|.

Case 2: If s− λ2 < 0, then (1−α)(s− λ2) < 0 since 1−α > 0. Thus (1−α)(s− λ2)|S| < 0 ≤
|δS|.

Lemma (Lemma: Upper Bound on Edge Boundary). Let G be an s-regular graph, S ⊆ V , b ∈ R,
and A = {v ∈ S | |(δS)v| ≥ s− b}. Then

|δS| ≤ s|A|+ (s− b)(|S| − |A|).

Proof. Let B := S \A, so S = A tB is a disjoint decomposition. By the partition sum identity:

|δS| =
∑
v∈S

|(δS)v| =
∑
v∈A

|(δS)v|+
∑
v∈B

|(δS)v|.

For vertices in A: by the boundary degree bound, |(δS)v| ≤ s for each v ∈ A, so∑
v∈A

|(δS)v| ≤ s|A|.

For vertices in B = S \ A: each v ∈ B satisfies |(δS)v| < s − b (otherwise v ∈ A), hence
|(δS)v| ≤ s− b, so ∑

v∈B
|(δS)v| ≤ (s− b)|B| = (s− b)(|S| − |A|).

Combining these estimates gives the desired inequality.

Lemma (Lemma 3: Relative Vertex-to-Edge Expansion). Let G be a finite, connected, s-regular
graph on vertex set V with |V | ≥ 2 and second-largest eigenvalue λ2. Let α ∈ (0, 1), b ∈ R with
0 < b ≤ s, and S ⊆ V with |S| ≤ α|V |. Define

A :=
{
v ∈ S

∣∣ |(δS)v| ≥ s− b
}
, β :=

(b− λ2)− α(s− λ2)

b
.

Then
|A| ≥ β |S|.
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Proof. If |S| = 0, both sides are zero and the inequality holds trivially. Assume |S| > 0.
Step 1: By the relative Cheeger inequality,

(1− α)(s− λ2)|S| ≤ |δS|.

Step 2: By the upper bound lemma,

|δS| ≤ s|A|+ (s− b)(|S| − |A|).

Step 3: Combining Steps 1 and 2:

(1− α)(s− λ2)|S| ≤ s|A|+ (s− b)(|S| − |A|).

Expanding the right side: s|A|+ (s− b)|S| − (s− b)|A| = b|A|+ (s− b)|S|. Therefore:

(1− α)(s− λ2)|S| − (s− b)|S| ≤ b|A|.

Step 4: We simplify the left side coefficient:

(1− α)(s− λ2)− (s− b) = (s− λ2)− α(s− λ2)− s+ b (18)
= (b− λ2)− α(s− λ2). (19)

Thus: [(b− λ2)− α(s− λ2)]|S| ≤ b|A|.
Step 5: Since b > 0, dividing both sides by b yields:

(b− λ2)− α(s− λ2)

b
· |S| ≤ |A|,

which gives β|S| ≤ |A| as desired.

This result is fundamental in the analysis of graph expansion. It shows that when a subset S
has bounded size (relative to the whole graph), the spectral gap s−λ2 forces a significant fraction of
vertices in S to have high boundary degree. The parameter β quantifies this fraction and depends
on the interplay between the threshold b, the spectral gap, and the relative size constraint α.
When β > 0, we obtain a positive fraction of high-expansion vertices, which is often sufficient for
applications in graph algorithms and combinatorial optimization.

1.32 Theorem 7: SipserSpielmanExpanderCodeDistance
Expander codes represent a breakthrough in coding theory, combining algebraic structure with
graph-theoretic expansion properties to achieve excellent distance and rate tradeoffs. The Sipser-
Spielman construction provides explicit families of codes with strong distance guarantees, leveraging
the expansion properties of the underlying graph to control the minimum distance of the resulting
linear code.

In this construction, vertices of an expander graph are associated with local codes, and global
codewords must satisfy local parity constraints at each vertex. The key insight is that expansion
limits how localized any low-weight codeword can be, forcing nonzero codewords to have substantial
weight.
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Definition (Pi Submodule Equivalence). Let R be a commutative semiring, M an R-module, and
ι an index type. Given a submodule p ≤M , there is a linear equivalence

Submodule. pi(Set. univ, λ_ 7→ p) 'R (ι→ p).

The forward map sends x : ι→M (with xi ∈ p for all i) to the function i 7→ 〈xi, x.prop i〉, and the
inverse sends f : ι→ p to 〈λ i 7→ fi, λ i_ 7→ (fi).prop〉.

Lemma (Finrank of Pi Submodule). Let R be a commutative semiring satisfying the strong rank
condition, M an R-module, ι a finite index type, and p ≤M a free finite-rank submodule. Then

finrankR
(
Submodule. pi(Set. univ, λ_ 7→ p)

)
= |ι| · finrankR(p).

Proof. By the linear equivalence from the Pi Submodule Equivalence, the finrank of the pi sub-
module equals the finrank of ι→ p. Applying the standard formula finrank(ι→ p) = |ι| ·finrank(p)
and simplifying with |Fin n| = n yields the result.

Definition (Support of an Edge Function). Let G be a simple graph on V and c : G. edgeSet → F2.
The support of c is the finite set

supp(c) := {e ∈ G. edgeSet | c(e) 6= 0}.

Definition (Edge Hamming Weight). The edge Hamming weight of c : G. edgeSet → F2 is

wt(c) := | supp(c)|.

Definition (Vertices Incident to Support). Let c : G. edgeSet → F2. The set of vertices incident
to the support of c is

S(c) := {v ∈ V | ∃ e ∈ supp(c), v ∈ e}.

Several auxiliary lemmas establish the basic properties of these definitions and connect local
and global structure.

Lemma (Range of Differential Contained in Pi of Ranges). Let G be a simple graph on V , Λ a
labeling of G with degree s, and parityCheck : (Fs

2 →F2 Fm
2 ) a linear map. Then

range(∂parityCheck
Λ ) ≤ Submodule. pi

(
Set. univ, λ v 7→ range(parityCheck)

)
.

Proof. Let f be in the range of ∂parityCheck
Λ . We must show that for every v ∈ V , the value f(v)

lies in range(parityCheck). Since f is in the range, there exists c with ∂parityCheck
Λ (c) = f . For any

vertex v, we have f(v) = parityCheck(localViewΛ v c), so f(v) is the image of localViewΛ v c under
parityCheck, hence in its range.

Lemma (Local View Weight Bound). Let c ∈ C(G,Λ, parityCheck) be a codeword, dL = dist(CL)
the local code distance, and v ∈ V a vertex such that localViewΛ(v, c) 6= 0. Then

dL ≤ wt(localViewΛ(v, c)).

Proof. Since c ∈ tannerCode Λ parityCheck, the local view localViewΛ v c lies in ker(parityCheck) =
CL. Since the local view is nonzero and is a codeword of CL, its Hamming weight is at least the
minimum distance, giving dL ≤ wt(localViewΛ v c).
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Lemma (Double-Counting Inequality). For any codeword c ∈ C(G,Λ, parityCheck) with local code
distance dL:

|S(c)| · dL ≤ 2 · wt(c).

Proof. We use a double-counting argument. Define the counting set T = {(v, i) ∈ S(c) × Fin(s) |
(localViewΛ v c)(i) 6= 0}.

For the lower bound on |T |: each v ∈ S(c) has localViewΛ v c 6= 0, and by the Local View
Weight Bound, this local view has at least dL nonzero entries. Thus |T | ≥ |S(c)| · dL.

For the upper bound on |T |: each (v, i) ∈ T corresponds to a support edge via ϕ(v, i) =
〈s(v, (Λv)

−1(i)), . . .〉. Each support edge has at most 2 incident vertices, so each support edge
contributes at most 2 elements to T . Therefore |T | ≤ 2 · wt(c).

Combining these bounds gives the result.

The following dimension bound establishes one direction of the Sipser-Spielman trade-off.

Theorem (Sipser–Spielman Dimension Bound). Let G be a simple graph on V that is s-regular
with s ≥ 1 and |V | ≥ 2. Let Λ be a labeling of G with degree s, and let parityCheck : Fs

2 → Fm
2 be

a linear map with kL = finrankF2(ker(parityCheck)). Then the Tanner code C(G,Λ, parityCheck)
satisfies

dim
(
C(G,Λ, parityCheck)

)
≥
(2kL
s

− 1
)
· |E(G)|.

Proof. By definition, tannerCode Λ parityCheck = ker(∂parityCheck
Λ ).

By rank-nullity for the differential:

finrank(range(∂)) + finrank(ker(∂)) = |E(G)|.

From rank-nullity for the parity check matrix: finrank(range(parityCheck)) + kL = s, so
finrank(range(parityCheck)) = s− kL.

By the Upper Bound lemma:

finrank(range(∂)) ≤ |V | · (s− kL).

Combining these:
dim(tannerCode) ≥ |E(G)| − |V | · (s− kL).

By the handshaking lemma, 2|E(G)| = s · |V |, so |V | = 2|E(G)|/s. Substituting:

dim(tannerCode) ≥ |E(G)| − (s− kL) ·
2|E(G)|

s
=
(2kL
s

− 1
)
· |E(G)|.

Now we turn to the main distance bound, which shows that expander graphs yield codes with
excellent minimum distance.

Theorem (Theorem 7: Sipser–Spielman Distance Bound). Let G be a connected s-regular simple
graph on V with s ≥ 1 and |V | ≥ 2. Let Λ be a labeling of G with degree s, parityCheck : Fs

2 → Fm
2

a linear map, dL = dist(CL) the local code distance, and λ2 the second largest eigenvalue of G with
λ2 ≥ 0 and dL > λ2. Then every nonzero codeword c ∈ C(G,Λ, parityCheck) satisfies

wt(c) ≥ (dL − λ2) dL
(s− λ2) s

· |E(G)|.
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Proof. Let c ∈ C(G,Λ, parityCheck) be nonzero. Set S = S(c), E = wt(c), n = |V |.
Since dL > λ2 ≥ 0 and dL is a positive integer, we have dL > 0. Since dL ≤ s (as the local code

has length s), we get s− λ2 ≥ dL − λ2 > 0.
By the Double-Counting lemma: |S| · dL ≤ 2E.
Since c 6= 0, there exists an edge e with c(e) 6= 0, so any endpoint of e belongs to S, making

S 6= ∅.
By the handshaking lemma: 2|E(G)| = s · n.
Case 1: |S| ≥ n (all vertices are incident). Then n · dL ≤ |S| · dL ≤ 2E, so E ≥ ndL/2.

By handshaking, ndL/2 = (dL/s) · |E(G)|. Since (dL − λ2)/(s − λ2) ≤ 1, we have (dL/s) ≥
(dL − λ2)dL/((s− λ2)s). Hence E ≥ (dL − λ2)dL/((s− λ2)s) · |E(G)|.

Case 2: |S| < n. Set γ = |S|/n ∈ (0, 1).
By the Alon-Chung contrapositive applied to the support edges suppEdges(c) ⊆ G. edgeFinset:

| suppEdges(c)| ≤
(
γ2 +

λ2
s
γ(1− γ)

)
|E(G)|.

Since | suppEdges(c)| = E:

E ≤
(
γ2 +

λ2
s
γ(1− γ)

)
|E(G)|.

Combining with the double counting bound γn · dL ≤ 2E and |E(G)| = sn/2:

γ · dL ≤
(
γ2 +

λ2
s
γ(1− γ)

)
· s.

Dividing by γ > 0:
dL ≤ γ

(
s− λ2

)
+ λ2,

which gives γ ≥ dL−λ2
s−λ2

.
Finally:

E ≥ γ · n · dL
2

≥ (dL − λ2)/(s− λ2) · n · dL
2

=
(dL − λ2) dL
(s− λ2) s

· sn
2

=
(dL − λ2) dL
(s− λ2) s

· |E(G)|,

where the last equality uses the handshaking lemma.

This theorem reveals the fundamental trade-off in expander codes: the minimum distance is
controlled by both the local code distance dL and the expansion properties of the graph (captured
by λ2). When λ2 is small (good expansion) and dL is large (good local codes), the global minimum
distance is substantial. This makes expander codes particularly attractive for applications requiring
both high rate and high distance.

1.33 Theorem 8: ExpanderViolatedChecks
The theory of expander graphs provides powerful tools for analyzing the global structure of sparse
networks through local properties. In coding theory, one fundamental question is understanding how
errors propagate through a graph-based code: if we have a codeword with relatively few errors, can
we bound the number of vertices where local parity checks fail? This question becomes particularly
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interesting for expander graphs, where the expansion properties create a tension between sparsity
of errors and the number of violated local checks.

This tension is captured by the expander violated checks theorem, which shows that for expander
graphs with good spectral properties, any low-weight error vector must violate many local parity
checks. The result depends on two key expansion parameters that measure how effectively the graph
spreads small sets of edges into larger sets of vertices, and how high-expansion vertices necessarily
have many boundary edges.

Definition (Definition 1: Edge-to-Vertex Expansion Parameter β′). The edge-to-vertex expansion
parameter β′ is defined as

β′(s, λ2, α) =

√
λ22 + 4s(s− λ2)α− λ2

s(s− λ2)α
,

where s is the regularity parameter, λ2 is the second-largest eigenvalue, and α controls the sparsity
of the edge set.

Definition (Definition 2: Vertex-to-Edge-Boundary Expansion Parameter β′′). The vertex-to-
edge-boundary expansion parameter β′′ is defined as

β′′(s, λ2, α, dL) =
(dL − 1− λ2)− αs(s− λ2)

dL − 1
,

where dL is the minimum distance of the local code. This parameter arises from applying rela-
tive vertex-to-edge expansion with appropriate scaling to ensure that high-expansion vertices have
violated local checks.

Definition (Definition 3: Differential Weight). Let G be a simple graph, Λ a labeling of G of degree
s, and parityCheck : Fs

2 → Fm
2 a linear map. The differential weight of a vector c : G. edgeSet →

F2 is

differentialWeight(G,Λ, parityCheck, c) =
∣∣{v ∈ V | parityCheck(localViewΛ(v, c)) 6= 0}

∣∣,
counting the number of vertices at which the local parity check is violated.

Definition (Definition 4: Support Edges at Vertex). For a graph G, a vector c : G. edgeSet → F2,
and a vertex v ∈ V , the support edges at v is

supportEdgesAtVertex(G, c, v) =
∣∣{e ∈ supportEdges(G, c) | v ∈ e}

∣∣.
Lemma (Lemma 1: Violated Check from Small Support Weight). Let parityCheck : Fs

2 → Fm
2 be

a linear map, dL the minimum distance of the associated classical code, with dL > 0. If x ∈ Fs
2

satisfies x 6= 0 and wt(x) ≤ dL − 1, then parityCheck(x) 6= 0.

Proof. Suppose for contradiction that parityCheck(x) = 0. Then x belongs to the kernel of the
parity check matrix, which means x is a codeword in the classical code. Since x 6= 0, the definition
of minimum distance requires dL ≤ wt(x). But we assumed wt(x) ≤ dL − 1 < dL, which is a
contradiction. Therefore parityCheck(x) 6= 0.

Lemma (Lemma 2: Support Edges Have Both Endpoints in S). If e ∈ supportEdges(G, c) and
w ∈ e, then w ∈ incidentToSupport(G, c).
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Proof. Let e ∈ supportEdges(G, c) and w ∈ e. By definition, e corresponds to some edge in the
support of c, meaning there exists an edge e′ with c(e′) 6= 0 and e = e′.val. Since w ∈ e = e′.val
and c(e′) 6= 0, the vertex w is incident to an edge in the support, so w ∈ incidentToSupport(G, c)
by definition.

Lemma (Lemma 3: Support Edges Are Disjoint from Edge Boundary). If e ∈ supportEdges(G, c),
then e /∈ ∂E(incidentToSupport(G, c)).

Proof. Let S = incidentToSupport(G, c). Suppose for contradiction that e ∈ ∂E(S). Then there
exist vertices a, b with e = {a, b}, a ∈ S, and b /∈ S. However, since e ∈ supportEdges(G, c) and
b ∈ e, Lemma 2 implies b ∈ S, contradicting b /∈ S.

Lemma (Lemma 4: Local View Weight Plus Boundary Bounded by Degree). Let G be s-regular,
and suppose every edge e with c(e) 6= 0 has both endpoints in S = incidentToSupport(G, c). Then
for v ∈ S,

wt(localViewΛ(v, c)) + |(∂ES)v| ≤ s.

Proof. We first show that wt(localViewΛ(v, c)) ≤ |{e ∈ G. edgeFinset | v ∈ e, ∀w ∈ e, w ∈ S}|. The
local view weight counts nonzero positions in localViewΛ(v, c), which correspond via the labeling
Λ(v) to edges incident to v that carry nonzero values in c. By hypothesis, all such edges have both
endpoints in S, so they contribute to the within-S edge count.

Next, since G is s-regular, the boundary edges at v and the within-S edges at v are disjoint
subsets of the s edges incident to v. Therefore their combined count is at most s. Combining these
observations completes the proof.

Lemma (Lemma 5: Incident-to-Support Cardinality Bound). Let G be s-regular, α > 0, and
suppose edgeHammingWeight(G, x) ≤ α|G. edgeFinset |. Then

| incidentToSupport(G, x)| ≤ αs|V |.

Proof. Each edge contributes at most 2 vertices to the incident-to-support set, so | incidentToSupport(G, x)| ≤
2 · edgeHammingWeight(G, x) ≤ 2α|G. edgeFinset |. By the handshaking lemma for s-regular
graphs, 2|G. edgeFinset | = s|V |. Therefore | incidentToSupport(G, x)| ≤ 2α|G. edgeFinset | =
αs|V |.

Lemma (Lemma 6: Differential Weight Bounds High-Expansion Vertex Count). Under the hy-
potheses of the main theorem, setting S = incidentToSupport(G, c) and A = highExpansionVertices(G,S, s, dL−
1), we have

|A| ≤ differentialWeight(G,Λ, parityCheck, c).

Proof. We show that every vertex in A contributes to the differential weight. Let v ∈ A. Since
high-expansion vertices are contained in S, we have v ∈ S. By definition of high-expansion vertices,
|(∂ES)v| ≥ s− (dL − 1).

By Lemma 4, wt(localViewΛ(v, c)) + |(∂ES)v| ≤ s, so wt(localViewΛ(v, c)) ≤ s − |(∂ES)v| ≤
dL − 1.

Since v ∈ S = incidentToSupport(G, c), there exists an edge in the support incident to v, which
means localViewΛ(v, c) 6= 0.

Applying Lemma 1 with x = localViewΛ(v, c), we have a nonzero vector of weight at most
dL − 1, so parityCheck(x) 6= 0. Therefore v contributes to the differential weight, completing the
proof.
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Lemma (Lemma 7: β′ Is Positive). If s ≥ 1, λ2 < s, and α > 0, then β′(s, λ2, α) > 0.

Proof. The denominator s(s − λ2)α > 0 since all factors are positive. For the numerator, we
consider two cases based on the sign of λ2:

If λ2 ≥ 0: Since 4s(s−λ2)α > 0, we have λ22+4s(s−λ2)α > λ22, so
√
λ22 + 4s(s− λ2)α > |λ2| =

λ2. Thus the numerator is positive.
If λ2 < 0: Then

√
λ22 + 4s(s− λ2)α ≥ 0 > λ2, so the numerator is positive.

In both cases β′ > 0.

Theorem (Theorem 8: Expander Violated Checks). Let G be a connected s-regular graph on
|V | ≥ 2 vertices with second-largest eigenvalue λ2 < s. Let parityCheck : Fs

2 → Fm
2 be a linear map,

Λ a labeling of G, and dL the minimum distance of the local code, with 0 < dL ≤ s. For α ∈ (0, 1]
and x : G. edgeSet → F2 satisfying

edgeHammingWeight(G, x) ≤ α · |G. edgeFinset |,

we have

differentialWeight(G,Λ, parityCheck, x) ≥ β′(s, λ2, α) ·β′′(s, λ2, α, dL) · edgeHammingWeight(G, x),

where β′ and β′′ are the expansion parameters defined above.

Proof. We first handle degenerate cases. If β′(s, λ2, α) · β′′(s, λ2, α, dL) ≤ 0, the bound is trivial
since the differential weight is nonnegative. If edgeHammingWeight(G, x) = 0, both sides equal
zero.

For the main case, assume β′ ·β′′ > 0 and edgeHammingWeight(G, x) > 0. By Lemma 7, β′ > 0,
so we also have β′′ > 0.

From β′′ > 0, we can deduce that dL ≥ 2 and αs < 1. If dL = 1, then β′′ would have a zero
denominator. If αs ≥ 1, then the numerator of β′′ would be negative, contradicting β′′ > 0.

Let S = incidentToSupport(G, x), E = supportEdges(G, x), andA = highExpansionVertices(G,S, s, dL−
1).

Step 1: By Lemma 6, |A| ≤ differentialWeight(G,Λ, parityCheck, x).
Step 2: By the edge-to-vertex expansion theorem applied to the edge set E, we have |S| =

| incidentVertices(E)| ≥ β′ · |E| = β′ · edgeHammingWeight(G, x).
Step 3: By the relative vertex-to-edge expansion theorem applied to the vertex set S with

parameters α′ = αs and b = dL − 1, we have |A| ≥ β′′ · |S|.
Combining these three steps:

differentialWeight(G,Λ, parityCheck, x) ≥ |A| ≥ β′′ · |S| ≥ β′′ · β′ · edgeHammingWeight(G, x),

which establishes the desired bound.

This theorem shows that in expander graphs, sparse error vectors cannot avoid detection by
local parity checks. The bound depends on both the edge-to-vertex expansion (captured by β′) and
the vertex-to-edge-boundary expansion (captured by β′′), reflecting the graph’s ability to spread
small sets of errors into many violated checks. This result is fundamental for understanding the
error-correcting capabilities of expander-based codes.
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Paper Corrections. The following errors were identified in the original paper and corrected in
this formalization:

• Paper states |S| ≤ 2α|X1| = (4α/s)|X0|, but the correct derivation using the handshaking
lemma 2|X1| = s|X0| gives 2α|X1| = αs|X0|, so α′ should be αs, not 4α/s.

• Paper uses b = dL in Lemma 3 (defining A = {v ∈ S | |(δS)v| ≥ s − dL}), but the violated-
check argument requires the local view weight to be strictly less than dL (i.e., ≤ dL− 1). This
needs b = dL−1 (giving A = {v | |(δS)v| ≥ s−dL+1}), so that within-S edges ≤ dL−1 < dL
guarantees the nonzero local view is not a codeword.

• Consequently, β′′ should be ((dL− 1−λ2)−αs(s−λ2))/(dL− 1), not ((dL−λ2)− (4α/s)(s−
λ2))/dL as stated in the paper. The formalization’s formula is correct.

1.34 Theorem 9: ExpanderBitDegree
Expander codes represent a powerful class of quantum error-correcting codes that leverage the
expansion properties of underlying graphs to achieve good distance and rate properties. In these
constructions, the performance of the code is intimately connected to how ”spread out” errors can
be while still being detectable by the parity-check structure.

The bit degree bound we establish here quantifies this relationship by showing that vectors
with small total Hamming weight must have proportionally large coboundary weight, where the
proportionality constant depends on the graph’s expansion properties. This result is fundamental
for proving distance bounds in expander code constructions.

Definition (Definition 1: Total Hamming Weight). Let V be a finite type and m ∈ N. For a vector
y : V → (Finm→ F2), the total Hamming weight is

totalWeight(y) =
∑
v∈V

wt(yv) ∈ N,

where wt(yv) denotes the Hamming weight of the fiber yv ∈ Fm
2 .

Definition (Definition 2: Vertex Support). For y : V → (Finm→ F2), the vertex support is

S(y) = {v ∈ V | yv 6= 0} ⊆ V.

Lemma (Lemma 1: Vertex Support is Nonempty for Nonzero Vectors). If y : V → (Finm → F2)
satisfies y 6= 0, then S(y) 6= ∅.

Proof. We proceed by contradiction. Suppose S(y) = ∅. Then for every v ∈ V we have yv = 0:
indeed, if yv 6= 0 then v ∈ S(y), contradicting S(y) = ∅. Hence y(v)(i) = 0 for all v and i, giving
y = 0, a contradiction.

Lemma (Lemma 2: Cardinality of Vertex Support Bounds Total Weight from Below). For any
y : V → (Finm→ F2),

|S(y)| ≤ totalWeight(y).

Proof. We compute:

|S(y)| =
∑

v∈S(y)

1 ≤
∑

v∈S(y)

wt(yv) ≤
∑
v∈V

wt(yv) = totalWeight(y).
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The first inequality holds because for v ∈ S(y) we have yv 6= 0, so wt(yv) ≥ 1. The second holds
by extending the sum to all of V (all terms are non-negative).

Lemma (Lemma 3: Total Weight Bounded by Degree Times Cardinality). For any y : V →
(Finm→ F2),

totalWeight(y) ≤ m · |S(y)|.

Proof. We split the sum
∑

v∈V wt(yv) =
∑

v∈S(y)wt(yv) +
∑

v/∈S(y)wt(yv). For v /∈ S(y) we have
yv = 0 so wt(yv) = 0, hence the second sum vanishes. Then∑

v∈S(y)

wt(yv) ≤
∑

v∈S(y)

m = m · |S(y)|,

since the Hamming weight of any Fm
2 -vector is at most m.

Definition (Definition 3: Coboundary Map). Let G be a simple graph on V , Λ a labeling of G
with parameter s, and H : Fs

2 → Fm
2 a parity-check linear map. The coboundary map δ applied to

y : V → Fm
2 is the function on edge-set of G given by

δ(y)(e) =
∑
v∈V

〈yv, ∂HΛ (1e)(v)〉 ∈ F2,

where 1e denotes the indicator of edge e and ∂HΛ is the Tanner differential.

Definition (Definition 4: Transpose of Parity Check). Let H : Fs
2 → Fm

2 be a linear map. The
transpose H⊤ : Fm

2 → Fs
2 is defined by

(H⊤y)(j) = 〈y,H(ej)〉 ∈ F2,

for j ∈ {0, . . . , s− 1}, where ej = 1j denotes the j-th standard basis vector.

Lemma (Lemma 4: Transpose is Injective when Parity Check is Surjective). If H : Fs
2 → Fm

2 is
surjective, then H⊤ : Fm

2 → Fs
2 is injective.

Proof. We show ker(H⊤) = {0}. Suppose H⊤y = 0, i.e., 〈y,H(ej)〉 = 0 for all j. We must show
y = 0. For any index i, since H is surjective, there exists x ∈ Fs

2 with H(x) = ei (the i-th standard
basis vector). Writing x =

∑
j xjej and using linearity of H,

〈y, ei〉 = 〈y,H(x)〉 =

〈
y,
∑
j

xjH(ej)

〉
=
∑
j

xj〈y,H(ej)〉 = 0,

since each 〈y,H(ej)〉 = (H⊤y)(j) = 0. But 〈y, ei〉 = y(i), so y(i) = 0 for all i, giving y = 0.

Lemma (Lemma 5: Transpose Weight Bounds Dual Distance). Let H : Fs
2 → Fm

2 be surjective,
and let dL⊥ be the minimum distance of the dual code C⊥. For any nonzero y ∈ Fm

2 ,

dL⊥ ≤ wt(H⊤y).

Proof. Since H is surjective, by Lemma 4, H⊤ is injective. Because y 6= 0, we have H⊤y 6= 0
(otherwise y = 0 by injectivity). The transpose image lies in the dual code: for any c ∈ C = ker(H),
we have

〈H⊤y, c〉 =
∑
j

(H⊤y)(j) · cj =
∑
j

〈y,H(ej)〉cj = 〈y,H(c)〉 = 0,

since H(c) = 0. Therefore H⊤y ∈ C⊥ is a nonzero codeword, and so its Hamming weight is at least
dL⊥ .
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Lemma (Lemma 6: Coboundary at Boundary Vertex). Let e = {v, w} ∈ E(G) be an edge such
that for every u ∈ e with u 6= v, yu = 0. Then

δ(y)(e) = 〈yv, ∂HΛ (1e)(v)〉.

Proof. We write δ(y)(e) = 〈yv, ∂HΛ (1e)(v)〉 +
∑

u ̸=v〈yu, ∂HΛ (1e)(u)〉. For u 6= v, if u ∈ e then by
hypothesis yu = 0, so the inner product vanishes. If u /∈ e, then the local view LΛ(u)(1e) = 0
because no edge at u equals e, hence ∂HΛ (1e)(u) = H(0) = 0 and the inner product vanishes.

Theorem (Theorem 9: Expander Bit Degree). Let G be a connected s-regular simple graph on a
finite vertex set V with |V | ≥ 2 and s ≥ 1. Let λ2 = λ2(G) be its second largest eigenvalue. Let
H : Fs

2 → Fm
2 be a surjective linear parity-check map, and let Λ be a labeling of G.

Let dL⊥ ≥ 2 be the minimum distance of the dual local code, with dL⊥ ≤ s. Let α > 0 with
αm < 1.

For any y : V → Fm
2 with

totalWeight(y) ≤ α · |V | ·m,

setting
β =

(dL⊥ − 1− λ2)− αm(s− λ2)

m(dL⊥ − 1)
,

we have
β · totalWeight(y) ≤ wt(δ(y)).

Proof. If y = 0, both sides are zero and the inequality holds trivially.
Assume y 6= 0. Let S = S(y) be the vertex support. Since y 6= 0, we have S 6= ∅ by Lemma 1.

Set b = dL⊥ − 1 > 0 and α′ = αm.
By the hypotheses and Lemmas 2-3, we have |S| ≤ totalWeight(y) ≤ α′ · |V |.
Let A denote the set of high-expansion vertices in S (those v ∈ S with |(∂eS)v| ≥ s − b). By

the relative vertex-to-edge expansion theorem,

b− λ2 − α′(s− λ2)

b
· |S| ≤ |A|.

We claim |A| ≤ wt(δ(y)). To prove this, we construct an injection from A to the set of edges
where δ(y) is nonzero.

For each v ∈ A, we have v ∈ S so yv 6= 0. By Lemma 5, the transpose tv = H⊤(yv) satisfies
wt(tv) ≥ dL⊥ = b+ 1.

Since v has high expansion, |(∂eS)v| ≥ s− b. The number of label positions pointing into S is
|PS(v)| ≤ s− |(∂eS)v| ≤ b. Since wt(tv) ≥ b+ 1 > b, there exists a label position j where tv(j) 6= 0
but the corresponding neighbor is outside S.

Let w = (Λv)
−1(j) and e = {v, w}. Since w /∈ S, we have yw = 0, so by Lemma 6,

δ(y)(e) = 〈yv, ∂HΛ (1e)(v)〉 = 〈yv,H(ej)〉 = tv(j) 6= 0.

This assignment v 7→ e is injective because each edge has a unique endpoint in S. Therefore
|A| ≤ wt(δ(y)).

The main inequality follows by combining: If β ≥ 0: β · totalWeight(y) ≤ b−λ2−α′(s−λ2)
b · |S| ≤

|A| ≤ wt(δ(y)) If β < 0: β · totalWeight(y) ≤ 0 ≤ wt(δ(y))
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This theorem establishes a fundamental trade-off in expander codes: vectors with small total
weight (sparse errors) must have large coboundary weight (many violated parity checks), with the
trade-off controlled by the expansion parameter β. When the graph has good expansion (λ2 small)
and the local code has good dual distance, the parameter β is positive and provides a meaningful
lower bound on the detectability of sparse errors.

1.35 Theorem 10: GilbertVarshamovPlus
The classical Gilbert-Varshamov bound establishes a fundamental trade-off between the rate and
minimum distance of linear codes. However, for many applications in coding theory and cryptog-
raphy, it is crucial to understand not only the minimum distance of a code, but also the minimum
distance of its dual code. The Gilbert-Varshamov Plus theorem addresses this question by showing
the simultaneous existence of codes with good distance properties in both the primal and dual
directions.

This result has important implications for constructing codes suitable for applications such as
secure multi-party computation, where both the code and its dual must satisfy specific distance re-
quirements. The classical Gilbert-Varshamov bound only guarantees good distance in one direction,
leaving the dual distance uncontrolled.

Lemma (Lemma 1: GV Threshold Positivity). For δ ∈ R with 0 < δ < 11/100, we have

0 <
2

1/2− h(δ)
,

where h(δ) denotes the binary entropy function.

Proof. Since 0 < δ < 11/100, we have h(δ) < 1/2 by the standard bound on binary entropy for
small arguments. The numerator 2 > 0 is positive, and the denominator 1/2− h(δ) > 0 is positive
since h(δ) < 1/2. Therefore the fraction is positive.

Lemma (Lemma 2: GV Lower Bound on n). Let δ ∈ R with 0 < δ < 11/100, and let n ∈ N. If

n >
2

1/2− h(δ)
,

then (1/2− h(δ)) · n > 2.

Proof. From the bound on binary entropy, we have h(δ) < 1/2, so 1/2− h(δ) > 0. The hypothesis
states n > 2/(1/2− h(δ)). Multiplying both sides by the positive quantity 1/2− h(δ) gives (1/2−
h(δ)) · n > 2.

Lemma (Lemma 3: Existence of k in GV Range). Let δ ∈ R with 0 < δ < 11/100, and let n ∈ N
with n > 2/(1/2− h(δ)). Then there exists k ∈ N such that:

n

2
< k, k + 1 < (1− h(δ)) · n, k < n.

Proof. We construct k = bn/2c + 1. From the binary entropy bound, h(δ) < 1/2, and by Lemma
2, we have (1/2 − h(δ)) · n > 2. This gives us the gap n/2 + 1 < (1 − h(δ)) · n − 1, hence
n/2 + 2 < (1− h(δ)) · n.

For the lower bound: Since bn/2c ≤ n/2 and n < 2(bn/2c + 1) by properties of the floor
function, we obtain n/2 < k.
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For the upper bound: Using the gap established above, we have k+1 = bn/2c+2 ≤ n/2+ 2 <
(1− h(δ)) · n.

For the strict bound k < n: Suppose for contradiction that n ≤ k = bn/2c+1. Then n ≤ n/2+1,
which implies n ≤ 2. Since h(δ) > 0 for 0 < δ < 1/2, we would have (1/2−h(δ))·n ≤ (1/2−h(δ))·2 <
1 · 2 = 2, contradicting the requirement (1/2− h(δ)) · n > 2.

Definition (Definition 4: Evaluation Linear Map). For n, r ∈ N and a vector v ∈ Fn
2 , the evalua-

tion map at v is the linear map

evalv : HomF2(F
n
2 ,Fr

2) → Fr
2, φ 7→ φ(v).

Lemma (Lemma 5: Surjectivity of Evaluation Map). For v ∈ Fn
2 with v 6= 0, the evaluation map

evalv is surjective.

Proof. Let w ∈ Fr
2 be arbitrary. Since v 6= 0, there exists an index j with vj 6= 0. Over F2, this

means vj = 1.
We construct the linear map φ that sends the j-th standard basis vector ej to w and all other

standard basis vectors to 0. Then φ(v) = vj ·w = 1 ·w = w, so evalv(φ) = w. Since w was arbitrary,
evalv is surjective.

Lemma (Lemma 6: Kernel Rank of Evaluation Map). For v ∈ Fn
2 with v 6= 0,

finrankF2(ker evalv) = nr − r.

Proof. By Lemma 5, evalv is surjective. The rank-nullity theorem gives us

finrank(range(evalv)) + finrank(ker evalv) = finrank(Hom(Fn
2 ,Fr

2)).

Since evalv is surjective, range(evalv) = Fr
2 has rank r. The space Hom(Fn

2 ,Fr
2) has dimension nr.

Therefore, finrank(ker evalv) = nr − r.

The following two results are stated as axioms because their proofs require sophisticated prob-
abilistic counting arguments using the probabilistic method, which have not been fully formalized.

Theorem (Axiom: Existence of Good Linear Map). Let n, r ∈ N with 0 < r ≤ n, and let t ∈ R.
Suppose ∣∣Ball(n, t− 1)

∣∣ < 2r.

Then there exists a linear map φ : Fn
2 → Fr

2 such that for every nonzero v ∈ Fn
2 with wt(v) < t, we

have φ(v) 6= 0.
This is stated as an axiom (unproven) in the formalization.

Justification: This axiom captures a standard probabilistic argument in coding theory. The
proof would proceed by showing that a uniformly random linear map φ avoids each problematic
vector v (those with weight less than t) with probability 1−2−r. A union bound over the |Ball(n, t−
1)| such vectors shows that when this quantity is less than 2r, there exists a good map with positive
probability.

Status: This result is mathematically sound and represents standard reasoning in the prob-
abilistic method. It could be formally proven once Mathlib’s probability theory includes suitable
tools for analyzing random linear maps over finite fields.
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Theorem (Axiom: Existence of Good Surjective Map with Both Distance Bounds). Let n, r ∈ N
with 0 < r ≤ n, and let t ∈ R. Suppose∣∣Ball(n, t− 1)

∣∣ < 2r and
∣∣Ball(n, t− 1)

∣∣ < 2n−r.

Then there exists a surjective linear map φ : Fn
2 → Fr

2 such that:

1. For every nonzero v ∈ Fn
2 with wt(v) < t, we have φ(v) 6= 0.

2. For every w ∈ (kerφ)⊥ with w 6= 0, we have wt(w) ≥ t.

This is stated as an axiom (unproven) in the formalization.

Justification: This extends the previous axiom by simultaneously controlling both the kernel
and its orthogonal complement. The probabilistic argument shows that the probability of failure for
condition (1) plus the probability of failure for condition (2) is less than 1 when both ball bounds
are satisfied. The surjectivity follows automatically from condition (2).

Status: This represents a more sophisticated application of the probabilistic method, requiring
careful analysis of dual codes. It is mathematically valid but requires additional probabilistic
machinery not yet available in Mathlib.

Lemma (Lemma 7: Distance Lower Bound from Weight Condition). Let C be a classical code of
length n, and let t ∈ R. Suppose every nonzero codeword v ∈ C satisfies wt(v) ≥ t, and suppose C
contains at least one nonzero element. Then d(C) ≥ t.

Proof. The minimum distance is defined as d(C) = inf{w ∈ N | ∃x ∈ C, x 6= 0,wt(x) = w}. Since
every nonzero codeword has weight at least t, every element in this set is at least dte. Therefore
d(C) = inf S ≥ dte ≥ t.

Lemma (Lemma 8: Double Dual Code Identity). For any classical code C of length n,

((C⊥)⊥) = C.

Proof. We show set equality by proving both inclusions.
(C ⊆ (C⊥)⊥): Let w ∈ C. For any c ∈ C⊥, by definition of the dual code, c · v = 0 for all v ∈ C.

Since w ∈ C, we have c · w = 0. This holds for all c ∈ C⊥, so w ∈ (C⊥)⊥.
((C⊥)⊥ ⊆ C): Suppose w ∈ (C⊥)⊥ but w /∈ C. Since we work over a finite-dimensional space,

there exists a linear functional f : Fn
2 → F2 with f(w) 6= 0 and f(v) = 0 for all v ∈ C. Using

the canonical isomorphism between linear functionals and vectors via the dot product, let c be the
vector corresponding to f . Then c · v = 0 for all v ∈ C, so c ∈ C⊥. But then w ∈ (C⊥)⊥ implies
c · w = 0, contradicting f(w) 6= 0.

Lemma (Lemma 9: Existence of Code with Both Good Distance and Dual Distance). Let δ ∈ R
with 0 < δ ≤ 1/2, and n, k ∈ N with 0 < n, 0 < k, k < n. Suppose

k + 1 < (1− h(δ)) · n and n− k + 1 < (1− h(δ)) · n.

Then there exists a classical code C of length n with dim(C) = k, d(C) ≥ δn, and d(C⊥) ≥ δn.

Proof. This proof relies on the Axiom: Existence of Good Surjective Map with Both
Distance Bounds (unproven).
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Set r = n− k, so 0 < r ≤ n. From the hypotheses, we can show that

|Ball(n, δn− 1)| < 2r and |Ball(n, δn− 1)| < 2n−r.

The first bound follows from k+1 < (1− h(δ)) · n, which gives h(δ) · n < r. The second bound
follows from n − k + 1 < (1 − h(δ)) · n, which gives h(δ) · n < n − r. In both cases, we apply the
Hamming ball bound theorem together with properties of the binary entropy function.

By the axiom, there exists a surjective linear map φ : Fn
2 → Fr

2 satisfying both distance condi-
tions. Let C = kerφ.

Dimension: Since φ is surjective, the rank-nullity theorem gives dim(C) = dim(kerφ) = n−r =
k.

Distance of C: For any nonzero v ∈ C = kerφ, we have φ(v) = 0. If wt(v) < δn, then the
first property of φ would require φ(v) 6= 0, a contradiction. Therefore wt(v) ≥ δn for all nonzero
codewords, and by Lemma 7, d(C) ≥ δn.

Distance of C⊥: The second property of φ ensures that every nonzero w ∈ (kerφ)⊥ = C⊥

satisfies wt(w) ≥ δn. By Lemma 7, d(C⊥) ≥ δn.

Theorem (Theorem 10: Gilbert-Varshamov Plus). Let δ ∈ R with 0 < δ < 11/100, and let n ∈ N
with 0 < n and

n >
2

1/2− h(δ)
.

Then there exists a classical code C of length n such that:

1. dim(C) > n/2,

2. d(C) ≥ δn,

3. d(C⊥) ≥ δn.

Proof. This proof relies on the Axiom: Existence of Good Surjective Map with Both
Distance Bounds (via Lemma 9).

From the constraint on δ, we have h(δ) < 1/2, so δ ≤ 1/2.
Step 1: Finding suitable k. By Lemma 3, there exists k ∈ N such that

n

2
< k, k + 1 < (1− h(δ)) · n, k < n.

Note that k > 0 since k > n/2 ≥ 0 and n > 0.
Step 2: Verifying dual condition. From Lemma 2, we have (1/2−h(δ)) ·n > 2. This allows

us to show
n− k + 1 < n− n/2 + 1 = n/2 + 1 < (1− h(δ)) · n.

The last inequality follows from the gap provided by (1/2− h(δ)) · n > 2.
Step 3: Applying existence lemma. By Lemma 9, there exists a classical code C of length

n with dim(C) = k, d(C) ≥ δn, and d(C⊥) ≥ δn.
Step 4: Conclusion. Since k > n/2, we have dim(C) = k > n/2, and the distance bounds

follow directly from Lemma 9.

This theorem demonstrates that it is possible to simultaneously achieve good distance properties
in both a linear code and its dual, going beyond the classical Gilbert-Varshamov bound which only
guarantees good distance in one direction. The result has important applications in cryptographic
protocols where both primal and dual distance constraints must be satisfied.
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Note on axioms: This result is conditional on the validity of the probabilistic method argu-
ments captured in our axioms. While these axioms represent mathematically sound reasoning, the
formal verification of the probabilistic counting arguments remains an important open problem in
the mechanization of coding theory.

1.36 Definition 20: CayleyGraph
Cayley graphs provide a fundamental bridge between group theory and graph theory by encoding
the algebraic structure of a group as a geometric object. Given a group and a set of generators, we
can visualize the group’s multiplication table as a graph where vertices represent group elements
and edges correspond to generator actions. This geometric representation has profound applications
in understanding group properties, random walks, and expander graphs.

The construction requires careful attention to ensure the resulting object is indeed a simple
graph. We must exclude the identity element from our generating set to avoid self-loops, and we
require closure under inverses to guarantee edge symmetry.
Definition (Symmetric Generating Set). A symmetric generating set for a group G is a struc-
ture consisting of:

• A finite set of generators S ⊆ G (the carrier),

• A proof that the identity 1 /∈ S,

• A proof that S is closed under inverses: for all s ∈ S, we have s−1 ∈ S.
Definition (Definition 20: Cayley Graph). Let G be a finite group with decidable equality, and
let S be a symmetric generating set for G. The Cayley graph Cay(G,S) is the simple graph with
vertex set G, where two vertices g, g′ ∈ G are adjacent if and only if there exists s ∈ S such that
g′ = s · g.

Well-definedness as a simple graph follows from:
• Symmetry: If g′ = s · g for some s ∈ S, then g = s−1 · g′ and s−1 ∈ S by the inverse-closure

of S.

• Looplessness: If g = s · g for some s ∈ S, then s = 1, contradicting 1 /∈ S.
A fundamental property of Cayley graphs is their regularity, which reflects the uniform action

of generators on all group elements.
Theorem (Cayley Graph is Regular). The Cayley graph Cay(G,S) is |S|-regular: every vertex has
degree exactly |S|.
Proof. Let v ∈ G be an arbitrary vertex. We show that the neighbor set of v equals the image
{s · v | s ∈ S}.

By the definition of adjacency in the Cayley graph, a vertex w belongs to the neighbor set of v
if and only if there exists s ∈ S with w = s · v. This holds precisely when w ∈ {s · v | s ∈ S}. Thus,
the neighbor set equals this image.

The degree of v is therefore:

deg(v) =
∣∣{s · v | s ∈ S}

∣∣ = |S|,

where the equality holds because the map s 7→ s · v is injective. Indeed, if s · v = s′ · v for s, s′ ∈ S,
then by right-cancellation in the group G, we obtain s = s′.

Since v was arbitrary, every vertex has degree |S|, proving that the graph is |S|-regular.
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The following technical lemmas support the main regularity theorem and provide useful char-
acterizations of the graph structure.

Lemma (Neighbor Finset of Cayley Graph). For any vertex v ∈ G, the neighbor finset of v in
Cay(G,S) equals the image of the carrier under left-multiplication by elements of S:

neighborFinset(v) = {s · v | s ∈ S}.

Proof. By definition of the neighbor finset, a vertex w is a neighbor of v if and only if w and v
are adjacent in Cay(G,S). By the definition of the Cayley graph, this occurs precisely when there
exists s ∈ S such that w = s · v. This is exactly the condition for membership in {s · v | s ∈ S}.
The equality follows by extensionality.

Lemma (Cayley Graph Has Edges When S Is Nonempty). If the carrier S is nonempty, then the
Cayley graph Cay(G,S) has at least one edge.

Proof. Since S is nonempty, we can choose some element s ∈ S. Consider the vertices g = 1 (the
identity element) and g′ = s · 1 = s. These vertices are adjacent in Cay(G,S) because g′ = s · g
with s ∈ S. Therefore, the graph contains at least one edge.

The regularity property makes Cayley graphs particularly valuable in applications to expander
graphs and random walks on groups. The uniform degree distribution ensures that random walks
have well-controlled mixing properties, while the group structure provides algebraic tools for ana-
lyzing spectral properties.

1.37 Definition 21: LPSExpanderGraphs
The Lubotzky-Phillips-Sarnak (LPS) construction provides an explicit family of expander graphs
with optimal spectral properties. These graphs arise from the action of quaternion algebras on
projective linear groups over finite fields, combining deep results from number theory, representation
theory, and the theory of quaternion algebras.

Definition (Definition 21: LPS Expander Graphs). Let p and q be distinct odd primes. We
construct the LPS expander graphs through the following components:

1. Projective Groups: The projective general linear group is

PGL2(q) := GL(2,Z/qZ)/Z(GL(2,Z/qZ)),

and the projective special linear group is

PSL2(q) := SL(2,Z/qZ)/Z(SL(2,Z/qZ)).

2. Four-Square Representations: Define

S̃p = {(a, b, c, d) ∈ Z4 | a2 + b2 + c2 + d2 = p}

and let Sp ⊆ S̃p be the normalized subset obtained by applying normalization conditions based on
p mod 4.

3. LPS Matrices: For x, y ∈ Z/qZ with x2 + y2 + 1 = 0 and (a, b, c, d) ∈ Z4, define the LPS
matrix

M(a, b, c, d) =

(
ι(a) + ι(b)x+ ι(d)y −ι(b)y + ι(c) + ι(d)x
−ι(b)y − ι(c) + ι(d)x ι(a)− ι(b)x− ι(d)y

)
,
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where ι : Z → Z/qZ is the canonical homomorphism.
4. Generating Sets: For the case

(
p
q

)
= −1, the LPS generating set in PGL2(q) is

SPGL
p,q = {πPGL(matToGL(M(t))) | t ∈ Sp},

where πPGL : GL(2,Z/qZ) → PGL2(q) is the quotient map.
For the case

(
p
q

)
= 1, the LPS generating set in PSL2(q) is

SPSL
p,q = {πPSL(matToSL(r−1M(t))) | t ∈ Sp},

where r = legendreSqrt(q, p) satisfies r2 = p in Z/qZ.
5. LPS Expander Graphs: The LPS expander graphs are the Cayley graphs

LPSPGL(p, q) = Cay(PGL2(q), S
PGL
p,q ) when

(
p

q

)
= −1, (20)

LPSPSL(p, q) = Cay(PSL2(q), S
PSL
p,q ) when

(
p

q

)
= 1. (21)

The construction relies on several deep number-theoretic results that are stated as axioms in
the formalization:

Theorem (Axiom: Jacobi Four-Square Formula). For every odd prime p, we have |Sp| = p+ 1.
This is stated as an axiom (unproven) in the formalization.

Justification: This follows from Jacobi’s four-square theorem, which states that the number of
representations of an odd prime p as a sum of four integer squares is r4(p) = 8(p+1). The normal-
ization conditions select exactly p+ 1 representatives from these 8(p+ 1) representations. Jacobi’s
theorem is a classical result in analytic number theory, proven using theta function identities, but
this machinery is not available in Mathlib.

Theorem (Axiom: Generation Property). The generating sets satisfy:

〈SPGL
p,q 〉 = PGL2(q), (22)

〈SPSL
p,q 〉 = PSL2(q). (23)

These are stated as axioms (unproven) in the formalization.

Justification: These deep results follow from the strong approximation theorem for quaternion
algebras, originally proven by Lubotzky, Phillips, and Sarnak. The proof involves showing that the
quaternion algebra

(
−1,p
Q

)
ramified only at ∞ and p has the strong approximation property, which

implies that the image of quaternion units generates the desired linear groups. This requires
sophisticated machinery from algebraic number theory and the theory of quaternion algebras that
extends far beyond current Mathlib infrastructure.

Theorem (Axiom: Cardinality and Independence Properties). The generating sets satisfy |SPGL
p,q | =

|SPSL
p,q | = p+1, and the resulting graphs are independent of the choice of (x, y) satisfying x2+y2+1 =

0.
These are stated as axioms (unproven) in the formalization.
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Justification: The cardinality results require proving that the map from Sp to the respective
projective groups is injective, which involves deep arguments about quaternion arithmetic modulo
q. The independence of (x, y) requires constructing explicit conjugating elements in the orthogonal
group of the norm form x2 + y2 + 1 over Fq. Both results are mathematically sound but require
algebraic infrastructure not yet formalized in Mathlib.

Status: All axioms represent known true results from the literature and could be formally
proven once Mathlib’s number theory and algebra libraries are sufficiently extended to include
theta functions, strong approximation for quaternion algebras, and the theory of quadratic forms
over finite fields.

The LPS construction is remarkable because it produces explicit expander graphs with optimal
spectral gap. When q > 2

√
p, these graphs are (p + 1)-regular with |PGL2(q)| = q(q2 − 1) or

|PSL2(q)| = q(q2−1)/ gcd(2, q−1) vertices, and their second-largest eigenvalue satisfies λ2 ≤ 2
√
p,

achieving the Ramanujan bound asymptotically.

1.38 Theorem 11: LPSRamanujan
The Lubotzky–Phillips–Sarnak (LPS) construction provides explicit families of expander graphs
with optimal spectral properties. These graphs are built from arithmetic groups acting on projective
spaces over finite fields, and their remarkable expansion properties follow from deep connections to
the Ramanujan–Petersson conjecture in algebraic number theory. A graph is called Ramanujan
if its non-trivial eigenvalues are bounded by 2

√
d− 1 where d is the degree—this represents the

optimal trade-off between regularity and expansion.
The LPS construction takes two distinct odd primes p and q with q > 2

√
p and constructs

(p + 1)-regular graphs on the vertex sets PGL(2, q) and PSL(2, q). The main result establishes
that these graphs achieve the Ramanujan bound, making them optimal expanders. However, the
proof relies on sophisticated results from algebraic geometry that are not yet available in formal
verification systems.

Theorem (Theorem 11.1: PGL(2, q) Has At Least Six Elements). Let q be an odd prime with
q ≥ 5. Then

6 ≤ |PGL(2, q)|.

Proof. We construct an injection from Z/qZt{∗} into PGL(2, q) by sending a ∈ Z/qZ to the class
of the upper unipotent matrix

U(a) =

(
1 a
0 1

)
and sending the single element of {∗} to the class of the swap matrix

S =

(
0 1
−1 0

)
.

To verify injectivity, suppose projPGL(U(a)) = projPGL(U(b)). Then there exists a central

element z in GL(2, q) with U(a) · z = U(b). Since z is central, it commutes with U(1) =

(
1 1
0 1

)
.

Expanding the commutation relation zU(1) = U(1)z at entry (1, 0) gives z10 = 0, and at entry

(0, 1) gives z00 = z11. Similarly, commuting with E21 =

(
1 0
1 1

)
yields z01 = 0.

Substituting into U(a) · z = U(b) and reading off entry (0, 0) gives z00 = 1, after which entry
(0, 1) yields a · z11 = b. Since z00 = z11 = 1, we conclude a = b.
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If projPGL(S) = projPGL(U(a)), then S · z = U(a) for some central z. The same argument
gives z10 = 0 and z01 = 0. Reading entry (1, 0) of S · z = U(a) yields −z00 = 0, and entry (1, 1)
yields −z01 = 1. But z01 = 0, giving 0 = 1, a contradiction.

Thus the map is injective, so |PGL(2, q)| ≥ |Z/qZ|+ 1 = q + 1 ≥ 6 for q ≥ 5.

Theorem (Theorem 11.2: PSL(2, q) Has At Least Six Elements). Let q be an odd prime with q ≥ 5.
Then

6 ≤ |PSL(2, q)|.

Proof. We construct an injection from Z/qZ t {∗} into PSL(2, q) by sending a to the class of the
upper unipotent SL element U(a) =

(
1 a
0 1

)
and ∗ to the class of the swap SL element S =

(
0 1
−1 0

)
.

Injectivity follows by the same argument as for PGL. If projPSL(U(a)) = projPSL(U(b)), there
exists a central z ∈ SL(2, q) with U(a) · z = U(b). Commuting z with the elementary matrices
forces z10 = z01 = 0 and z00 = z11. From U(a) · z = U(b) we obtain z00 = 1 and a = b.

The case projPSL(S) = projPSL(U(a)) leads to the equation −z01 = 1 at entry (1, 1) of
S · z = U(a), but z01 = 0, giving 0 = 1, a contradiction.

Hence |PSL(2, q)| ≥ q + 1 ≥ 6.

Lemma (Lemma 11.3: q ≥ 5 From Spectral Condition). Let p and q be odd primes with q > 2
√
p.

Then q ≥ 5.

Proof. We argue by contradiction. Suppose q < 5. Since q is an odd prime and q ≤ 4, we must
have q = 3.

Since p is an odd prime, p ≥ 3. From the hypothesis q > 2
√
p with q = 3, we have 3 > 2

√
p, so

9 > 4p. But p ≥ 3 implies 4p ≥ 12, giving 9 > 12, which is impossible.
More precisely, let s =

√
p where s ≥ 0 and s2 = p ≥ 3. The inequality 3 > 2s yields

(3 − 2s)2 > 0 when expanded, giving 9 − 12s + 4s2 > 0, hence 9 > 12s − 4s2 = 4s(3 − s). Since
s2 = p ≥ 3, we have s ≥

√
3, but this leads to 9 > 4s2 = 4p ≥ 12, a contradiction.

Theorem (Theorem 11.4: LPS Graph on PGL Has At Least Two Vertices). Let p, q be distinct
odd primes with q > 2

√
p. Then

2 ≤ |PGL(2, q)|.

Proof. By Lemma 11.3, the hypothesis q > 2
√
p with p, q odd primes implies q ≥ 5. Applying

Theorem 11.1, we obtain |PGL(2, q)| ≥ 6 ≥ 2.

Theorem (Theorem 11.5: LPS Graph on PSL Has At Least Two Vertices). Let p, q be distinct odd
primes with q > 2

√
p. Then

2 ≤ |PSL(2, q)|.

Proof. By Lemma 11.3, we have q ≥ 5. Applying Theorem 11.2 gives |PSL(2, q)| ≥ 6 ≥ 2.

Theorem (Theorem 11.6: λ2 ≤ 2
√
p for LPS Graph on PGL). Under the assumptions that the

LPS graph XPGL
p,q on PGL(2, q) is Ramanujan of degree p+1 and that |λ2(XPGL

p,q )| < p+1, we have

λ2(X
PGL
p,q ) ≤ 2

√
p.

Here p, q are distinct odd primes with q > 2
√
p, and x, y ∈ Z/qZ satisfy x2 + y2 + 1 = 0.

Proof. By definition of a Ramanujan graph, every eigenvalue λi with |λi| < p+1 satisfies |λi| ≤ 2
√
p.

Since |PGL(2, q)| ≥ 2 by Theorem 11.4, the index i = 1 corresponding to the second-largest
eigenvalue λ2 is valid. From the spectral bound hypothesis |λ2| < p + 1 and the Ramanujan
property, we obtain |λ2| ≤ 2

√
p. Since λ2 ≤ |λ2|, we conclude λ2 ≤ 2

√
p.
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Assumed hypotheses: The Ramanujan property of LPS graphs follows from the Ramanujan–
Petersson conjecture for GL(2)/Q, proved by Eichler–Igusa building on Deligne’s proof of the Weil
conjectures. The spectral bound |λ2| < p + 1 for connected (p + 1)-regular graphs follows from
the Perron–Frobenius theorem. Both results require algebraic geometry and spectral theory not
available in Mathlib.
Theorem (Theorem 11.7: λ2 ≤ 2

√
p for LPS Graph on PSL). Under the assumptions that the

LPS graph XPSL
p,q on PSL(2, q) is Ramanujan of degree p+ 1 and that |λ2(XPSL

p,q )| < p+ 1, we have

λ2(X
PSL
p,q ) ≤ 2

√
p.

Here p, q are distinct odd primes with q > 2
√
p,
(
p
q

)
= 1, and x, y ∈ Z/qZ satisfy x2 + y2 + 1 = 0.

Proof. The proof follows the same pattern as Theorem 11.6. Since |PSL(2, q)| ≥ 2 by Theorem
11.5, the index i = 1 is valid. From the spectral bound hypothesis and the Ramanujan condition,
we obtain |λ2| ≤ 2

√
p, hence λ2 ≤ 2

√
p.

Assumed hypotheses: As for the PGL case, plus the additional Legendre symbol condition(
p
q

)
= 1 ensures the generators of the LPS graph lift properly to PSL(2, q).

Theorem (Theorem 11: LPS Graphs are Ramanujan (Main Result)). Let p, q be distinct odd
primes with q > 2

√
p, and let x, y ∈ Z/qZ satisfy x2 + y2 + 1 = 0. Under the assumptions

that the LPS graphs XPGL
p,q and XPSL

p,q are connected and Ramanujan of degree p + 1, both graphs
simultaneously satisfy:

1. Connectedness,

2. (p+ 1)-regularity,

3. At least two vertices,

4. The Ramanujan property: all non-trivial eigenvalues have absolute value at most 2√p.

Additionally, for the PSL case, we require
(
p
q

)
= 1.

Proof. For both PGL and PSL cases, we combine the hypotheses with previously established results.
Connectedness follows from the connectedness hypothesis. Regularity of degree p+ 1 follows from
the LPS construction. The cardinality bounds follow from Theorems 11.4 and 11.5. The Ramanujan
property follows from the Ramanujan hypothesis. All four conclusions are packaged together.

The LPS construction thus provides explicit families of optimal expander graphs, resolving
a fundamental question in combinatorics and computer science. However, the full mathematical
proof relies on the deepest results of 20th century algebraic geometry—specifically Deligne’s proof
of the Weil conjectures and the resulting bounds on L-functions. The Lubotzky–Phillips–Sarnak
construction brilliantly connects discrete mathematics to automorphic forms, demonstrating that
optimal expansion properties emerge from arithmetic structures.

Status of assumed hypotheses: The connectedness of LPS graphs follows from the fact that
the generating sets span the full groups (proven in the original LPS paper using representation
theory). The Ramanujan property follows from the Ramanujan–Petersson conjecture, established
through Deligne’s work on the Weil conjectures. Both results are mathematically sound but require
substantial algebraic geometry infrastructure beyond current formal verification capabilities. The
formalization isolates these deep dependencies as explicit hypotheses, allowing the combinatorial
aspects to be verified while acknowledging the sophisticated number-theoretic foundations.
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1.39 Definition 22: BalancedProductVectorSpaces
The balanced tensor product is a fundamental construction in representation theory that captures
the notion of tensoring two representations while ”balancing” the group action. This construction
arises naturally when studying coinvariants of diagonal group actions and provides a bridge between
the tensor product of representations and the coinvariant functor.
Definition (Definition 22: Balanced Product of Vector Spaces). Let H be a group, and let V and
W be F2-modules equipped with H-representations ρV : H → EndF2(V ) and ρW : H → EndF2(W ).
The balanced product V ⊗HW is defined as the coinvariants of the diagonal H-action on V ⊗F2W :

V ⊗H W := Coinv(ρV ⊗ ρW ),

where the diagonal action is h · (v ⊗ w) = ρV (h)(v) ⊗ ρW (h)(w). Equivalently, this is the tensor
product V ⊗F2[H] W over the group algebra. Concretely,

V ⊗H W = (V ⊗F2 W ) / 〈ρV (h)(v)⊗ ρW (h)(w)− v ⊗ w | h ∈ H, v ∈ V,w ∈W 〉.

The quotient construction naturally gives rise to a canonical surjection from the ordinary tensor
product to the balanced product.
Definition (Quotient Map). The quotient map mk : V ⊗F2 W → V ⊗H W is the canonical
F2-linear surjection onto the balanced product, defined as the coinvariants quotient map of the
diagonal representation ρV ⊗ ρW .

The defining property of the balanced product is that the diagonal group action becomes trivial
in the quotient.
Theorem (Diagonal Balance Relation). For all h ∈ H, v ∈ V , w ∈W , the following equality holds
in V ⊗H W :

[ρV (h)(v)⊗ ρW (h)(w)] = [v ⊗ w].

Proof. Rewriting using the definition of the diagonal tensor product representation, we have

ρV (h)(v)⊗F2 ρW (h)(w) = (ρV ⊗ ρW )(h)(v ⊗ w),

which follows by the functoriality of the tensor product. The result then follows immediately
from the defining property of coinvariants: mk((ρV ⊗ ρW )(h)(x)) = mk(x) for all h ∈ H and
x ∈ V ⊗W .

This diagonal balance relation leads to a more general balancing property that exchanges the
action between the two factors.
Theorem (Balancing Relation). For all h ∈ H, v ∈ V , w ∈ W , the following equality holds in
V ⊗H W :

[ρV (h
−1)(v)⊗ w] = [v ⊗ ρW (h)(w)].

In right-action notation, this is the familiar relation [vh⊗ w] = [v ⊗ hw].
Proof. Apply the diagonal balance relation with h and with v replaced by ρV (h

−1)(v) and w
unchanged, obtaining:

[ρV (h)(ρV (h
−1)(v))⊗ ρW (h)(w)] = [ρV (h

−1)(v)⊗ w].

We establish that ρV (h)(ρV (h−1)(v)) = v. Indeed, (ρV (h) ◦ ρV (h−1))(v) = (ρV (h · h−1))(v) by
the homomorphism property, and since h · h−1 = 1 we get ρV (1)(v) = v by the identity axiom.
Rewriting with this, the equation becomes [v ⊗ ρW (h)(w)] = [ρV (h

−1)(v) ⊗ w], which gives the
result by symmetry.
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By applying the balancing relation with h replaced by h−1, we obtain the inverse relation.

Theorem (Inverse Balancing Relation). For all h ∈ H, v ∈ V , w ∈W , the following equality holds
in V ⊗H W :

[ρV (h)(v)⊗ w] = [v ⊗ ρW (h−1)(w)].

Proof. Apply the balancing relation with h replaced by h−1, obtaining [ρV ((h
−1)−1)(v) ⊗ w] =

[v⊗ ρW (h−1)(w)]. Simplifying (h−1)−1 = h by the involution property of group inversion gives the
result.

The balanced product satisfies a universal property for maps that respect the balancing relations.

Theorem (Extensionality for Maps from the Balanced Product). Let X be an F2-module and let
f, g : V ⊗H W →F2 X be F2-linear maps. If

f([v ⊗ w]) = g([v ⊗ w]) for all v ∈ V,w ∈W,

then f = g.

Proof. We apply the coinvariants extensionality principle, which reduces equality of maps from
the quotient to equality on the span of pure tensors. Since the balanced product is generated by
elements of the form [v ⊗ w], it suffices to check equality on pure tensors v ⊗ w, which is exactly
the hypothesis.

Theorem (Surjectivity of the Quotient Map). The quotient map mk : V ⊗F2 W ↠ V ⊗H W is
surjective.

Proof. This follows directly from the general fact that coinvariant quotient maps are surjective.

When the group H is finite and its order is invertible in F2, the balanced product admits a
particularly nice description in terms of invariants.

Definition (Descended Averaging Map). Assume H is a finite group and |H| is invertible in F2.
The descended averaging map is the F2-linear map

avg : V ⊗H W −→ (V ⊗F2 W )H ,

defined by lifting the averaging map avg : V ⊗F2 W → (V ⊗F2 W )H ,

avg(x) =
1

|H|
∑
h∈H

(ρV ⊗ ρW )(h)(x),

through the coinvariants quotient. This is well-defined because the kernel of the coinvariants
quotient is contained in the kernel of avg.

Definition (Inclusion of Invariants into the Balanced Product). The inclusion map is the F2-
linear map

ι : (V ⊗F2 W )H −→ V ⊗H W,

defined as the composition of the submodule inclusion (V ⊗F2 W )H ↪→ V ⊗F2 W followed by the
quotient map mk : V ⊗F2 W → V ⊗H W .
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Theorem (Isomorphism of Balanced Product with Invariants). Assume H is a finite group and
|H| is invertible in F2 (i.e., |H| is odd). There is a canonical F2-linear equivalence

V ⊗H W ∼=F2 (V ⊗F2 W )H .

The forward map sends [v ⊗ w] 7→ 1
|H|
∑

h∈H ρV (h)(v) ⊗ ρW (h)(w), and the inverse sends an
invariant element x ∈ (V ⊗W )H to its class [x] in V ⊗H W .

Proof. We verify that avg and ι are inverse to each other.
Left inverse: Let [x] ∈ V ⊗H W . It suffices to take x ∈ V ⊗F2 W . We have ι(avg([x])) =

[avg(x)]. We must show [avg(x)] = [x]. Expanding the averaging map, avg(x) = 1
|H|
∑

h∈H(ρV ⊗
ρW )(h)(x). Using the fact that each [(ρV ⊗ρW )(h)(x)] = [x] in coinvariants by the diagonal balance
relation, we get [avg(x)] = 1

|H| · |H| · [x] = [x] since |H| is invertible in F2.
Right inverse: Let x ∈ (V ⊗W )H be invariant. Then avg(ι(x)) = avg([x]) = avg(x). Since x

is invariant, (ρV ⊗ ρW )(h)(x) = x for all h, so avg(x) = 1
|H| · |H| · x = x.

The F2-linearity follows from the linearity of the averaging map and the quotient construction.

The balanced product also provides a natural way to relate coinvariants of different represen-
tations.

Theorem (Isomorphism with Coinvariants). There is a canonical F2-linear equivalence

Coinv(ρV ⊗ 1) ∼=F2 Coinv(ρV ),

where 1 denotes the trivial H-representation on F2. In other words, V ⊗H F2
∼= VH , identifying

the balanced product of V with the trivial module F2 with the coinvariant module of ρV . This
isomorphism is induced by the canonical F2-linear isomorphism rid : V ⊗F2 F2

∼−→ V .

Proof. We show that rid : V ⊗F2 F2
∼−→ V maps the coinvariant kernel of ρV ⊗ 1 isomorphically

onto the coinvariant kernel of ρV .
Forward inclusion: Generators of the coinvariant kernel have the form (ρV ⊗ 1)(g)(t)− t for

g ∈ H, t ∈ V ⊗ F2. For pure tensors v ⊗ a, using the trivial action 1(g) = id, we compute

rid((ρV ⊗ 1)(g)(v ⊗ a)− v ⊗ a) = rid(ρV (g)(v)⊗ a− v ⊗ a) = a · (ρV (g)(v)− v),

which lies in Coinv. ker(ρV ) since ρV (g)(v)− v is a generator and the kernel is closed under scalar
multiplication.

Backward inclusion: Generators of Coinv. ker(ρV ) have the form ρV (g)(v
′)− v′. We exhibit

a preimage: ρV (g)(v′)⊗ 1− v′ ⊗ 1 ∈ Coinv. ker(ρV ⊗ 1), and

rid(ρV (g)(v
′)⊗ 1− v′ ⊗ 1) = ρV (g)(v

′)− v′

as required.
The desired linear equivalence follows from the quotient equivalence theorem applied to rid with

this kernel compatibility.

Lemma (Balanced Product is Nonempty). The balanced product V ⊗HW is nonempty. Specifically,
0 ∈ V ⊗H W .

Proof. The zero element [0⊗ 0] = 0 is an element of V ⊗H W , witnessing nonemptiness.
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The balanced product construction is fundamental in representation theory as it provides a way
to form tensor products that respect group actions in a balanced manner. When the group order is
invertible in the base field, the balanced product coincides with the invariant subspace, providing
a concrete computational tool for working with these constructions.

1.40 Definition 23: BalancedProductChainComplex
The theory of equivariant homology requires careful handling of group actions when forming tensor
products of chain complexes. When two chain complexes carry compatible group actions, their
ordinary tensor product may not preserve the equivariant structure. The balanced product con-
struction solves this problem by taking coinvariants with respect to the diagonal group action,
yielding a new chain complex that captures the equivariant homological information.

Definition (Definition 23: Balanced Product Chain Complex). Let H be a group and let C and
D be H-equivariant chain complexes over F2. That is, each Ci and Dj carries a left F2[H]-module
structure such that the differentials ∂C and ∂D commute with the H-actions.

The balanced product chain complex C ⊗H D is constructed as follows:
Step 1: Balanced Product Objects. For integers p, q ∈ Z, define

(C ⊠H D)p,q = Cp ⊗H Dq,

the balanced product (coinvariants of Cp ⊗F2 Dq under the diagonal H-action).
Step 2: Horizontal and Vertical Differentials. Define:

• Horizontal differential: ∂hp,q : Cp ⊗H Dq → Cp−1 ⊗H Dq, induced by ∂Cp→p−1 ⊗ idDq

• Vertical differential: ∂vp,q : Cp ⊗H Dq → Cp ⊗H Dq−1, induced by idCp ⊗∂Dq→q−1

Step 3: Double Complex. The collection {(C ⊠H D)p,q}p,q∈Z with differentials ∂h and ∂v

forms a double complex, satisfying:

(∂h)2 = 0, (24)
(∂v)2 = 0, (25)

∂h ◦ ∂v = ∂v ◦ ∂h. (26)

Step 4: Total Complex. The balanced product chain complex is

C ⊗H D = Tot(C ⊠H D),

the total complex of the balanced product double complex.

Theorem (Theorem 23.1: Double Complex Object Formula). For all p, q ∈ Z, the object of the
balanced product double complex at (p, q) satisfies

(C ⊠H D)p,q = Cp ⊗H Dq.

Proof. This holds by definition, as the balanced product double complex is constructed with objects
Cp ⊗H Dq at position (p, q).
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Theorem (Theorem 23.2: Differential Formulas). The horizontal and vertical differentials of the
balanced product double complex are given by:

∂hp,q = ∂Cp→p−1 ⊗H idDq : Cp ⊗H Dq → Cp−1 ⊗H Dq, (27)
∂vp,q = idCp ⊗H∂

D
q→q−1 : Cp ⊗H Dq → Cp ⊗H Dq−1. (28)

Proof. These formulas hold by definition of the horizontal and vertical differentials in the balanced
product double complex construction.

Lemma (Lemma 23.3: Non-emptiness). For every n ∈ Z, the degree-n component of the balanced
product complex C ⊗H D is nonempty.

Proof. Each component contains at least the zero element, which witnesses non-emptiness of the
underlying F2-vector space.

The balanced product construction is fundamental in equivariant algebraic topology because it
provides the correct notion of tensor product for equivariant chain complexes. Unlike the ordinary
tensor product C⊗F2D, which generally fails to preserve equivariant structure, the balanced product
C ⊗H D yields a chain complex whose homology computes the appropriate equivariant homology
groups. The double complex structure arises naturally from the bigraded nature of the tensor
construction, and the total complex provides a single graded object that encodes the full homological
information.

1.41 Lemma 4: KunnethBalancedProduct
When studying homological algebra in the presence of group actions, one naturally encounters
situations where both the chain complexes and their tensor products carry compatible group actions.
The classical Künneth formula relates the homology of a tensor product to the tensor product of
homologies, but in the equivariant setting, we must account for how the group action interacts
with these constructions. This leads to the notion of balanced tensor products, where we take
coinvariants with respect to the diagonal group action.

For finite groups acting on chain complexes over finite fields, the interaction between group
actions and homology can be made completely explicit. When the group has odd order and we work
over F2, the coinvariants functor has particularly nice properties that enable a clean generalization
of the Künneth formula.

Definition (Homology Action). Let H be a finite group and C an H-equivariant chain complex
over F2. For each p ∈ Z, the group H acts on the homology Hp(C) = Zp(C)/Bp(C) by the induced
homology action:

ρHp : H → EndF2(Hp(C)), h · [z] = [ρp(h)(z)],

where ρp is the given H-action on the chain group Cp, and the action is well-defined because ρp(h)
preserves both cycles and boundaries.

Definition (Balanced Künneth Summands). Let H be a finite group and C, D be H-equivariant
chain complexes over F2. For integers n, p, the balanced Künneth summand at index p is:

Kn,p(C,D) := Hp(C)⊗H Hn−p(D),

defined as the coinvariants of the tensor product under the diagonal H-action: h · (x ⊗ y) =
ρHp(h)(x)⊗ ρHn−p(h)(y).
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The balanced Künneth sum is then:

Kn(C,D) :=
⊕
p∈Z

Hp(C)⊗H Hn−p(D).

Lemma (Lemma 4: Künneth Formula for Balanced Products). Let H be a finite group of odd
order, and let C, D be H-equivariant chain complexes over F2. Then for every n ∈ Z there is a
linear isomorphism:

Hn(C ⊗H D) ∼=F2

⊕
p∈Z

Hp(C)⊗H Hn−p(D).

This is stated as an axiom (unproven) in the formalization.

Justification: This result represents an equivariant version of the classical Künneth formula
for chain complexes. The standard Künneth theorem (for ordinary tensor products of chain com-
plexes) is well-established in algebraic topology, appearing in references such as Hatcher’s Algebraic
Topology. The balanced version requires showing that the coinvariants functor (−)H commutes with
homology when H has odd order and we work over F2.

Status: This axiom is mathematically sound and represents a specialization of known results
in equivariant homological algebra. The proof strategy outlined in the formalization is correct:
one identifies the balanced product complex C ⊗H D with the coinvariants (C ⊗D)H at the chain
level, uses exactness of the coinvariants functor (valid since |H| is odd and invertible in F2), applies
the ordinary Künneth formula, and then takes coinvariants of the result. The axiom is introduced
because Mathlib’s current homological algebra infrastructure lacks the necessary machinery for
balanced tensor products of chain complexes and the exactness properties of coinvariants functors
over finite fields.

A satisfiability witness confirms the mathematical consistency of this axiom: taking H to be
the trivial group (which has odd order 1) and C = D to be trivial chain complexes gives a concrete
example where all hypotheses are satisfied.

1.42 Definition 24: QuotientGraphTrivialization
The study of graphs with group actions naturally leads to quotient structures, where vertices and
edges are identified under the group action. A fundamental question is whether we can system-
atically choose representatives from each equivalence class to reconstruct the original graph from
its quotient. This process, known as trivialization, provides a canonical way to relate the quo-
tient graph back to the original structure while preserving the essential geometric and algebraic
information encoded in the group action.

When a finite group H acts freely on a graph X, the quotient X/H inherits a natural graph
structure. However, to work effectively with this quotient, we need a systematic method to lift
information from the quotient back to the original graph. This is precisely what a trivialization
accomplishes: it provides a canonical section of the quotient map, allowing us to choose a preferred
representative from each orbit.

Definition (Definition 24: Graph with Group Action). A graph with group action consists of a
finite graph X (given as a 1-dimensional cell complex) equipped with a free right action of a finite
group H on both vertices X0 and edges X1, compatible with the boundary map.

Formally, it is a structure comprising:

• A cell complex (the underlying graph)
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• A free right H-action on the vertices X0

• A free right H-action on the edges X1

• Boundary equivariance: for all e ∈ X1, h ∈ H, and τ ∈ X0,

τ ∈ ∂(h · e) ⇐⇒ h−1 · τ ∈ ∂e

• Quotient condition: for all e ∈ X1, v ∈ X0, and h ∈ H, if v ∈ ∂e and h · v ∈ ∂e, then h = 1

The quotient condition ensures that no edge connects a vertex to a nontrivial translate of itself,
which is essential for the quotient to inherit a well-defined graph structure. Given such a graph
with group action, we can define the quotient objects:

The quotient vertices are the orbits (X/H)0 := X0/H, and the quotient edges are the orbits
(X/H)1 := X1/H. The quotient maps π0 : X0 → (X/H)0 and π1 : X1 → (X/H)1 send each
element to its orbit.

Lemma (Lemma: Boundary Orbit Compatibility). Let X be a graph with H-action, e ∈ X1,
h ∈ H, and τ ∈ X0. If τ ∈ ∂e, then h · τ ∈ ∂(h · e).

Proof. By boundary equivariance, h ·τ ∈ ∂(h ·e) if and only if h−1 ·(h ·τ) ∈ ∂e. Since h−1 ·(h ·τ) = τ
and τ ∈ ∂e by hypothesis, the result follows.

This compatibility allows us to define a well-defined boundary map on the quotient: for each
edge orbit E ∈ (X/H)1, we set

∂X/H(E) := {π0(τ) | τ ∈ ∂e}

where e is any representative of E. The orbit compatibility ensures this is independent of the choice
of representative.

Definition (Definition 24: Trivialization). A trivialization of the vertex quotient map π0 : X0 →
(X/H)0 is a section

R : (X/H)0 −→ X0

such that for every vertex orbit V ∈ (X/H)0, we have π0(R(V )) = V .
The set {R(V ) | V ∈ (X/H)0} ⊆ X0 contains exactly one representative from each H-orbit of

vertices.

Theorem (Theorem: Trivialization Exists). For any graph X with group action by H, a trivial-
ization exists.

Proof. For every vertex orbit V ∈ (X/H)0, there exists a vertex v ∈ X0 with π0(v) = V : if V = [v]
for some v ∈ X0, then π0(v) = [v] = V by definition.

Having established existence for each orbit, we apply the axiom of choice to obtain a selection
function V 7→ ε(V ) where ε(V ) is a chosen representative with π0(ε(V )) = V . This selection defines
the desired trivialization.

Given a trivialization R, we can define additional structure. For each vertex v ∈ X0, there exists
a unique group element gv ∈ H such that gv · R(π0(v)) = v, called the vertex group element. This
allows us to express every vertex in terms of the trivialization representatives and group elements.
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Definition (Connection on Edge). Given a trivialization R, an edge e ∈ X1, and two boundary
vertices τ1, τ2 ∈ ∂e lying in distinct vertex orbits, the connection of e relative to τ1 and τ2 is the
group element

φR(e; τ1, τ2) := g−1
τ1 · gτ2 ∈ H

where gτi is the vertex group element for τi.

Lemma (Connection Orbit Invariance). The connection is invariant under the H-action: for any
g ∈ H,

φR(g · e; g · τ1, g · τ2) = φR(e; τ1, τ2)

Proof. It suffices to show that for any v ∈ X0 and g ∈ H, the vertex group elements satisfy
vertexGroupElement(R, g · v) = g · vertexGroupElement(R, v).

Let h = vertexGroupElement(R, v), so h ·R(π0(v)) = v. Since π0(g · v) = π0(v) (they are in the
same orbit), we have R(π0(g · v)) = R(π0(v)).

Let h′ = vertexGroupElement(R, g · v), so h′ · R(π0(v)) = g · v. Also (g · h) · R(π0(v)) =
g · (h ·R(π0(v))) = g · v.

Therefore h′ ·R(π0(v)) = (g · h) ·R(π0(v)). By freeness of the vertex action, (h′)−1 · (g · h) = 1,
so h′ = g · h.

The connection formula then gives the desired invariance under the group action.

This orbit invariance allows us to define an induced connection φR : (X/H)1 → H on edge orbits,
which encodes how the trivialization representatives are connected across edges in the quotient
graph.

The trivialization provides a fundamental tool for analyzing the structure of quotient graphs
while maintaining explicit control over the relationship between the quotient and the original graph.
The induced connection captures the essential ”twisting” information needed to reconstruct paths
and cycles in the original graph from their projections in the quotient.

1.43 Definition 25: InvariantLabeling
When studying graphs equipped with group actions, a natural question arises: how can we assign
consistent labels to the edges incident to each vertex in a way that respects the symmetries of
the group action? This leads to the concept of invariant labeling, which ensures that the labeling
is preserved under the group action. Such labelings are fundamental in algebraic topology and
combinatorial group theory, where they enable the construction of quotient structures that inherit
well-defined combinatorial properties from the original graph.

To formalize this concept, we first establish the necessary framework for describing the rela-
tionship between vertices and their incident edges in a cell complex setting.

Definition (Cell Incident Edges). Let X be a graph with a group action by H. For a vertex
v ∈ X0, the set of edges incident to v is defined as

δv = {e ∈ X1 | v ∈ ∂e}.

Theorem (Membership in Cell Incident Edges). For a vertex v ∈ X0 and an edge e ∈ X1, we have

e ∈ δv ⇐⇒ v ∈ ∂e.

Proof. This follows immediately from the definition of δv.
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Lemma (Cell Incident Edges Nonempty). For a vertex v ∈ X0 and an edge e ∈ X1 with v ∈ ∂e,
the set δv is non-empty.

Proof. The edge e itself witnesses non-emptiness: since v ∈ ∂e, we have e ∈ δv by definition.

We can now define what it means to label the incident edges systematically.

Definition (Cell Complex Labeling). A cell complex labeling of degree s on X is a family
Λ = {Λv}v∈X0 that assigns to each vertex v ∈ X0 a bijection

Λv : δv
∼−→ Fin(s).

The key insight is that group actions naturally transport incident edges between vertices, sug-
gesting a compatibility condition for labelings.

Lemma (Group Action Preserves Incidence). If e ∈ δv (i.e., e is incident to v), then h ·e ∈ δ(h ·v)
for all h ∈ H. That is, the H-action preserves incidence.

Proof. We need to show that h · v ∈ ∂(h · e). This follows directly from the equivariance of
the boundary map: since v ∈ ∂e, we have h · v ∈ ∂(h · e) by the boundary orbit compatibility
property.

Definition (Transported Incident Edge). For a vertex v ∈ X0, a group element h ∈ H, and an
incident edge e ∈ δv, the transported incident edge h · e ∈ δ(h · v) is the natural image of e
under the group action.

We are now ready to define the central concept.

Definition (Definition 25: H-Invariant Labeling). A cell complex labeling Λ is H-invariant if for
all vertices v ∈ X0, all group elements h ∈ H, and all incident edges e ∈ δv,

Λh·v(h · e) = Λv(e).

This definition captures the idea that the labeling must be consistent with the group action:
when we transport a vertex and its incident edge by a group element, the label assigned to the
transported edge at the transported vertex should be the same as the original label.

Lemma (Invariance Condition is Satisfiable). The invariance condition for H-invariant labelings
is satisfiable. That is, there exist a group H, a graph with H-action X, a degree s ∈ N, and a cell
labeling Λ such that Λ is H-invariant.

Proof. We construct a trivial example: take H to be the trivial group (containing only the identity
element) and X to be the empty graph (with no vertices or edges). Set s = 0. Since there are no
vertices, the labeling Λ and the invariance condition are vacuously satisfied.

The invariant labeling naturally descends to the quotient structure.

Definition (Quotient Incident Edges). For a vertex orbit [v] ∈ X0/H, the quotient incident
edges are the edge orbits [e] ∈ X1/H such that some representative edge has a boundary vertex
in the orbit of [v]:

δ[v] =
{
[e] ∈ X1/H | ∃ e ∈ [e], ∃ v′ ∈ [v], v′ ∈ ∂e

}
.
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Theorem (Quotient Labeling is Well-Defined). Let Λ be an H-invariant labeling. For any vertex
v ∈ X0, edge e ∈ X1 with v ∈ ∂e, and h ∈ H, the labeling value is independent of the representative:

Λh·v(h · e) = Λv(e).

Proof. This follows directly from the H-invariance condition applied to the vertex v, group element
h, and incident edge e ∈ δv.

The significance of H-invariant labelings lies in their ability to produce well-defined structures
on quotient graphs. When a labeling respects the group action, it induces a consistent labeling
on the quotient X/H, enabling the study of the original graph’s combinatorial properties through
its quotient. This construction is particularly valuable in applications where the quotient space
has simpler structure while retaining essential geometric or algebraic information from the original
graph.

1.44 Definition 26: BalancedProductTannerCycleCode
The balanced product construction provides a powerful method for building quantum CSS codes
from classical Tanner codes and cycle graphs. This approach leverages the symmetries of both
structures through group actions, creating codes with rich geometric properties that are essential
for quantum error correction.

The construction begins by encoding classical linear codes as chain complexes equipped with
group actions, then combines them using the balanced product operation. This yields quantum
CSS codes where the Z-stabilizers and X-stabilizers arise naturally from the differentials in the
resulting chain complex, with the CSS condition guaranteed by the chain complex property.

Definition (Cell Local View). Let H be a finite group acting on a graph X, and let Λ be a cell
labeling of X with s labels. For a vertex v ∈ C0(X), the cell local view at v is the linear map

cellLocalView(v) : (C1(X) → F2) → (Fin(s) → F2)

defined by cellLocalView(v)(c)(i) = c(Λ(v)−1(i)), where Λ(v)−1(i) denotes the preimage of i under
the labeling bijection at v.

Definition (Tanner Differential). The Tanner differential is the linear map

∂Tan : (C1(X) → F2) → (C0(X) → Fin(s) → F2)

defined by ∂Tan(c)(v) = cellLocalView(v)(c), which assembles the local views at all vertices.

Definition (Tanner Code Chain Complex). The Tanner code chain complex C(X,Λ) is the
chain complex over F2 defined by:

· · · → 0 → C1(X,Λ)
∂Tan

−−−→ C0(X,Λ) → 0 → · · ·

where C1(X,Λ) = (C1(X) → F2), C0(X,Λ) = (C0(X) → Fin(s) → F2), and all modules outside
degrees 0 and 1 are trivial.

The group H acts on both chain modules through standard permutation representations. On
C1(X,Λ), the action is given by (ρ1(h) ·c)(e) = c(h−1 ·e). On C0(X,Λ), the action is (ρ0(h) ·f)(v) =
f(h−1 · v).
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Definition (Cycle Graph Chain Complex). For ` ≥ 1, the cycle graph chain complex C(Cℓ)
is the chain complex over F2 with both degree-1 and degree-0 components equal to (Fin(`) → F2),
connected by the cycle graph differential ∂Cℓ

.

Definition (Cycle Compatible Action). A cycle compatible H-action on Fin(`) satisfies: for
all h ∈ H and i ∈ Fin(`),

h · 〈(i+ `− 1) mod `〉 = 〈(h · i+ `− 1) mod `〉,

meaning the H-action commutes with taking the predecessor modulo `.

Definition (Definition 26: Balanced Product Tanner Cycle Code). The balanced product Tan-
ner cycle code is the chain complex

balancedProductTannerCycleCode(X,Λ, `) = C̃(X,Λ)⊗H C̃(Cℓ)

defined as the balanced product of the H-equivariant Tanner code complex and the H-equivariant
cycle graph complex.

This requires ` ≥ 3 odd, an H-invariant labeling Λ, and a cycle compatible H-action on Fin(`).
The total complex has three non-trivial degrees:

C2 = C1(X,Λ)⊗H C1(Cℓ),

C1 =
(
C1(X,Λ)⊗H C0(Cℓ)

)
⊕
(
C0(X,Λ)⊗H C1(Cℓ)

)
,

C0 = C0(X,Λ)⊗H C0(Cℓ),

where physical qubits correspond to C1, Z-checks are ∂2 : C2 → C1, and X-checks are ∂1 : C1 → C0.

Theorem (CSS Condition). The composition of the Z-check map and the X-check map is zero:

∂1 ◦ ∂2 = 0 : C2 → C1 → C0.

This ensures that Z-stabilizers are orthogonal to X-stabilizers, making the construction a valid
quantum CSS code.

Proof. By the fundamental property of chain complexes, the composition of consecutive differentials
vanishes. Applying this to the balanced product Tanner cycle code at degrees 2, 1, 0 directly yields
∂1 ◦ ∂2 = 0.

The balanced product construction naturally inherits the symmetries of both the Tanner code
and the cycle graph, providing a systematic way to build quantum codes with controlled properties.
The CSS condition arises automatically from the chain complex structure, ensuring the quantum
code is well-defined without additional verification.

1.45 Definition 27: HorizontalVerticalHomologySplitting
Balanced products of equivariant chain complexes arise naturally in the study of quantum error-
correcting codes, particularly in the construction of hypergraph product codes. When a finite
group H acts on both complexes, the Künneth formula provides a canonical decomposition of
the homology of their balanced product into horizontal and vertical components, reflecting the
geometric structure of the underlying construction.
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Definition (Definition 27: Horizontal/Vertical Homology Splitting). Let H be a finite group, X a
graph with H-action and invariant cell labeling Λ, and ` ≥ 3 an odd natural number with H acting
on Fin(`) via a cycle-compatible action. The horizontal/vertical homology splitting consists
of the following components:

(i) Equivariant chain complexes:

tannerHEq(X,Λ, hΛ) := tannerCodeHEquivariant(X,Λ, hΛ), (29)
cycleHEq(`, hcompat) := cycleGraphHEquivariant(`, hcompat). (30)

(ii) Balanced product complex:

bpComplex(X,Λ, `, hΛ, hcompat) := tannerHEq(X,Λ, hΛ). balancedProductComplex
(
cycleHEq(`, hcompat)

)
.

(iii) Total first homology:

H1 := bpComplex(X,Λ, `, hΛ, hcompat). homology′(1).

(iv) Horizontal and vertical homology components:

Hh
1 := H1

(
C(X,Λ)

)
⊗H H0

(
Cℓ

)
, (31)

Hv
1 := H0

(
C(X,Λ)

)
⊗H H1

(
Cℓ

)
. (32)

(v) Künneth isomorphism: Assuming |H| is odd, there exists an F2-linear isomorphism

φ : H1

(
C(X,Λ)⊗H C(Cℓ)

) ∼−→
⊕
p∈Z

Hp

(
C(X,Λ)

)
⊗H H1−p

(
Cℓ

)
.

(vi) Horizontal and vertical projections:

ph := π1 ◦ φ : H1 → Hh
1 , (33)

pv := π0 ◦ φ : H1 → Hv
1 , (34)

where πp denotes the canonical projection onto the p-th summand.
(vii) Classification of homology classes: A class x ∈ H1 is called:

• horizontal if pv(x) = 0,

• vertical if ph(x) = 0.

The construction extends naturally to cohomology via the canonical F2-duality, yielding hori-
zontal cohomology H1

h, vertical cohomology H1
v , and corresponding cohomology projections ph and

pv.

Lemma (Lemma 27.1: Joint Surjectivity of Projections). The horizontal and vertical projections
are jointly surjective: for every pair (yh, yv) ∈ Hh

1 ×Hv
1 , there exists x ∈ H1 such that ph(x) = yh

and pv(x) = yv.

Proof. Let ιp : Hp⊗HH1−p →
⊕

qHq⊗HH1−q denote the canonical inclusion of the p-th summand.
Since φ is an isomorphism, we can construct

x := φ−1
(
ι1(yh) + ι0(yv)

)
∈ H1.
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For the horizontal projection:

ph(x) = π1
(
φ(φ−1(ι1(yh) + ι0(yv)))

)
(35)

= π1(ι1(yh) + ι0(yv)) (36)
= π1(ι1(yh)) + π1(ι0(yv)) (37)
= yh + 0 = yh, (38)

using the fact that π1 ◦ ι1 = id and π1 ◦ ι0 = 0 since 1 6= 0.
Similarly, for the vertical projection:

pv(x) = π0(ι1(yh) + ι0(yv)) = π0(ι1(yh)) + π0(ι0(yv)) = 0 + yv = yv,

since π0 ◦ ι0 = id and π0 ◦ ι1 = 0.

Lemma (Lemma 27.2: Nonemptiness). The types H1, Hh
1 , and Hv

1 are all nonempty, each con-
taining the zero element.

Proof. Each space is an F2-vector space and therefore contains the zero vector.

This decomposition is fundamental in the analysis of quantum LDPC codes constructed via
balanced products. The horizontal component Hh

1 typically corresponds to logical qubits arising
from the base Tanner code, while the vertical component Hv

1 captures information from the cycle
structure. The joint surjectivity ensures that every element of H1 can be uniquely written as the
sum of horizontal and vertical parts under the Künneth isomorphism.

1.46 Definition 28: IotaPiMaps
The theory of topological codes often requires establishing isomorphisms between different homo-
logical constructions to transfer properties and enable computations. In the context of balanced
product codes with group actions, a fundamental question is whether the quotient Tanner homology
(which captures cycles in the quotient graph) is isomorphic to the horizontal homology of the full
balanced product. This connection, if it exists, would allow us to understand the code properties
by studying the simpler quotient structure.

We begin by constructing the quotient Tanner complex, which encodes the local constraints
after collapsing by the group action.

Definition (Definition 28.1: Quotient Local View). Let X be a finite graph with a free right H-
action, Λ a cell labeling with s local code bits, and hΛ a proof that Λ is H-invariant. For a vertex
orbit V ∈ X0/H, the quotient local view is the F2-linear map

quotientLocalView(V ) : (X1/H → F2) → (Fin(s) → F2)

defined by c 7→
(
i 7→ c

(
(Λ

X/H
V )−1(i)

))
, where Λ

X/H
V is the quotient labeling bijection at V .

This map extracts the local code bits around a vertex orbit by evaluating the edge assignment
c on the edges labeled by each local position i.

Definition (Definition 28.2: Quotient Tanner Differential). The quotient Tanner differential is the
F2-linear map

∂ : (X1/H → F2) → (X0/H → Fin(s) → F2)

defined by c 7→ (V 7→ quotientLocalView(V )(c)).
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Definition (Definition 28.3: Quotient Tanner Code Complex). The quotient Tanner code complex
C(X/H,L) is the chain complex over F2 with chain spaces

C1(X/H) = (X1/H → F2), C0(X/H) = (X0/H → Fin(s) → F2),

and Ci = 0 for i ≥ 2 or i < 0. The differential is d1,0 = ∂ (the quotient Tanner differential), and
all other differentials are zero. The homology in degree 1 is H1(C(X/H,L)) := ker(∂).

Now we state the central result of this section: the existence of isomorphic maps connecting the
quotient and horizontal homologies. These maps are introduced as axioms due to the complexity
of their construction.

Theorem (Axiom: Iota Map). There exists an F2-linear map

ι : H1(C(X/H,L)) → Hh
1 (C(X,L)⊗H C(Cℓ)),

where Hh
1 is the horizontal homology of the balanced product Tanner cycle code. The map ι is

defined on homology classes by

ι

[∑
E
aEE

]
=

[(∑
E
aE
∑
e∈E

e⊗ y0, 0

)]
,

where y0 is a fixed 0-cell of the cycle graph Cℓ.
This is stated as an axiom (unproven) in the formalization.

Justification: The construction of ι requires establishing well-definedness on homology classes,
compatibility with the differential structures, and technical properties of the balanced product
construction. These proofs involve intricate homological algebra that was not completed in the
formalization.

Theorem (Axiom: Pi Map). There exists an F2-linear map

π : Hh
1 (C(X,L)⊗H C(Cℓ)) → H1(C(X/H,L)).

The map π projects from horizontal homology to quotient homology by collapsing orbits:

π

[(∑
e

ae e⊗ y0, 0

)]
=

[∑
e

ae eH

]
,

where the coefficients ae are constant on H-orbits.
This is stated as an axiom (unproven) in the formalization.

Justification: Similar to ι, the construction of π requires detailed verification of well-definedness
and compatibility properties that depend on the balanced product structure.

Theorem (Axiom: Left Inverse Property). Assuming ` ≡ 1 (mod 2) and |H| is odd, we have

π ◦ ι = idH1(C(X/H,L)).

This is stated as an axiom (unproven) in the formalization.

Justification: The proof relies on the fact that each orbit E = eH has |H| = ` elements. Under
the composition, ` · [E ] = [E ] in F2 since ` is odd.
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Theorem (Axiom: Right Inverse Property). Assuming ` ≡ 1 (mod 2) and |H| is odd, we have

ι ◦ π = idHh
1
.

This is stated as an axiom (unproven) in the formalization.

Justification: This follows from similar orbit-counting arguments as the left inverse property.
Status: All four axioms represent mathematically sound results that could be proven with suf-

ficient development of the homological algebra infrastructure. They are consistent as demonstrated
by the witness constructions below.

From these axioms, we can derive that the maps are isomorphisms:

Theorem (Theorem 28.1: Iota and Pi are Isomorphisms). Under the assumptions ` ≡ 1 (mod 2)
and |H| odd, the maps ι and π are linear isomorphisms and mutual inverses.

Proof. By Axiom: Left Inverse Property (unproven), we have π ◦ ι = id. This immediately
implies that ι is injective: if ι(a) = ι(b), then applying π gives a = π(ι(a)) = π(ι(b)) = b.

Similarly, by Axiom: Right Inverse Property (unproven), we have ι ◦π = id, which implies
π is injective by the same argument.

For surjectivity, given any y ∈ H1(C(X/H,L)), we have π(ι(y)) = y by the left inverse property,
so ι(y) is a preimage of y under π. Hence π is surjective. Similarly, ι is surjective using the right
inverse property.

Note: This proof relies on the unproven axioms stated above. The bijectivity is conditional on
the validity of the axiomatic inverse properties.

The formalization includes witness constructions that prove the axioms’ premises are satisfiable.
A trivial graph with a single vertex and edge under the unit group action provides a concrete exam-
ple where all required conditions hold, confirming the mathematical consistency of the axiomatic
approach.

This isomorphism establishes a fundamental connection between quotient and horizontal ho-
mologies in balanced product codes. When the group order and cycle length are both odd, the
quotient structure completely captures the horizontal homology, enabling computational advan-
tages through the simpler quotient graph while preserving all homological information.

1.47 Theorem 12: EncodingRateCircle
Encoding rate theorems play a central role in quantum error correction, where they quantify the
relationship between the dimension of logical information and the physical resources required. In
balanced product constructions, these rates connect the homological dimensions of the constituent
codes with those of the resulting quantum code. The circle case represents a fundamental example
where group actions preserve the encoding structure in a predictable way.

When working with balanced product Tanner cycle codes over finite groups, a key question
is how the group action affects the homological dimensions. The following theorem shows that
under suitable oddness conditions, the horizontal homology dimension equals that of the quotient
construction, providing an exact characterization of the encoding rate.

Theorem (Theorem 12: Encoding Rate Circle). Let H be a finite group with DecidableEq instance,
let X be a graph with H-action, let Λ be an H-invariant cell labeling of X of width s, let ` ∈ N
with ` 6= 0 and H ↷ Fin(`). Assume ` is odd (i.e., ` ≡ 1 (mod 2)) and |H| is odd. Then the
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horizontal homology of the balanced product Tanner cycle code has the same F2-dimension as the
quotient Tanner code homology:

dimF2 H
h
1 (C(X,Λ)⊗Zℓ

C(Cℓ)) = dimF2 H1 (C(X/H,Λ)) .

Proof. The proof relies on the existence of a canonical linear equivalence that relates the two
homology groups. Specifically, there exists a F2-linear isomorphism

ι : H1(C(X/H,Λ))
≃−→ Hh

1 (C(X,Λ)⊗Zℓ
C(Cℓ))

constructed via the IotaPiMaps.iotaEquiv framework. The key insight is that this isomorphism
exists precisely under the assumptions that ` is odd and |H| is odd.

Since ι is a F2-linear isomorphism, it preserves finite rank. Applying the fundamental property
that linear equivalences preserve finrank over finite fields, we have

dimF2 H1(C(X/H,Λ)) = dimF2 H
h
1 (C(X,Λ)⊗Zℓ

C(Cℓ)) .

This gives the desired dimension equality.

The oddness conditions are essential for this result. When either ` or |H| is even, the horizontal-
vertical homology splitting may fail to preserve the F2-structure in the expected way, potentially
leading to dimension inequalities. The theorem thus identifies a natural class of parameters where
the balanced product construction behaves optimally with respect to encoding rates.

Lemma (Lemma 12: Encoding Rate Satisfiability Witness). The premises of the encoding rate
circle theorem are satisfiable: there exist a finite group H, a graph with H-action X, an H-
invariant cell labeling Λ, a positive natural number ` with an H-action on Fin(`), a compatible
cycle action, with ` odd and |H| odd.

Proof. The satisfiability follows from the existence of concrete examples. We apply the satisfi-
ability witness from IotaPiMaps.piMap_comp_iotaMap_satisfiable, which provides an explicit
construction of all required mathematical objects. This witness demonstrates that the conditions of
odd ` and odd |H|, together with the existence of appropriate group actions and invariant labelings,
are mathematically consistent and can be realized in concrete examples.

1.48 Definition 29: HorizontalSubsystemBalancedProductCode
The construction of quantum error-correcting codes often relies on homological structures that
admit natural decompositions. In the context of subsystem codes, we seek to identify logical
degrees of freedom that can be distinguished from gauge degrees of freedom through the underlying
topology. The horizontal subsystem balanced product code provides such a decomposition by
exploiting the Künneth structure of balanced product complexes.

Building on the horizontal-vertical homology splitting of Definition 27, we can embed the hori-
zontal and vertical homology summands into the full first homology group in complementary ways.
This embedding structure gives rise to logical and gauge submodules that characterize the quantum
code’s properties.

98



Definition (Definition 29a: Horizontal Künneth Inclusion). Let H be a finite group acting on a
graph-with-group-action X with cell labeling Λ, and let ` ≥ 3 be an odd integer with a compatible
cycle action. The horizontal Künneth inclusion is the F2-linear map

incH : Hh
1 −→

⊕
p

Hp(C(X,Λ))⊗H H1−p(Cℓ),

defined as the direct sum inclusion at index p = 1. Here Hh
1 denotes the horizontal homology

summand of the balanced product complex.

Definition (Definition 29b: Vertical Künneth Inclusion). The vertical Künneth inclusion is
the F2-linear map

incV : Hv
1 −→

⊕
p

Hp(C(X,Λ))⊗H H1−p(Cℓ),

defined as the direct sum inclusion at index p = 0. Here Hv
1 denotes the vertical homology summand

of the balanced product complex.

Definition (Definition 29c: Horizontal Embedding into H1). The horizontal embedding is the
F2-linear map

embH : Hh
1 −→ H1,

defined as the composition
embH = κ−1 ◦ incH,

where κ : H1
∼−→
⊕

pHp(C(X,Λ))⊗H H1−p(Cℓ) is the Künneth isomorphism from Definition 27.

Definition (Definition 29d: Vertical Embedding into H1). The vertical embedding is the F2-
linear map

embV : Hv
1 −→ H1,

defined as the composition embV = κ−1 ◦ incV, where κ is the Künneth isomorphism.

Definition (Definition 29e: Logical Submodule). The logical submodule HL
1 ⊆ H1 is defined as

the image of the horizontal embedding:

HL
1 := im(embH) = embH(Hh

1 ) ⊆ H1.

Logical Z-operators of the subsystem code correspond to nontrivial elements of the horizontal
homology Hh

1 .

Definition (Definition 29f: Gauge Submodule). The gauge submodule HG
1 ⊆ H1 is defined as

the image of the vertical embedding:

HG
1 := im(embV) = embV(Hv

1 ) ⊆ H1.

Gauge Z-operators correspond to elements of the vertical homology Hv
1 .

Definition (Definition 29g: Number of Logical Qubits). The number of logical qubits of the
horizontal subsystem balanced product code is the F2-rank of the logical submodule:

k := dimF2 H
L
1 .
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Theorem (Theorem 29h: Complementarity of Logical and Gauge Submodules). The logical and
gauge submodules form a complementary pair in H1:

H1 = HL
1 ⊕HG

1 ,

i.e., HL
1 and HG

1 are complementary submodules.

Proof. We verify both conditions for complementarity.
Disjointness (HL

1 ∩ HG
1 = {0}): Let x ∈ HL

1 ∩ HG
1 . By definition, there exist a ∈ Hh

1 and
b ∈ Hv

1 such that x = embH(a) = embV(b).
Applying the Künneth isomorphism κ to both sides:

κ(embH(a)) = κ(embV(b)).

Since embH = κ−1 ◦ incH and embV = κ−1 ◦ incV, we have:

incH(a) = incV(b).

Now incH includes into the direct summand at index p = 1, while incV includes into the
summand at p = 0. Applying the component projection π1 at p = 1:

a = π1(incH(a)) = π1(incV(b)) = 0,

since π1(incV(b)) = 0 as incV maps into the p = 0 summand. Therefore a = 0 and x = embH(0) =
0.

Codisjointness (HL
1 +HG

1 = H1): Let x ∈ H1 and set z = κ(x). Since the balanced Künneth
sum at degree 1 decomposes over summands at p = 0 and p = 1 (all other summands are trivial),
we have:

z = ι1(zh) + ι0(zv),

where zh = π1(z) ∈ Hh
1 , zv = π0(z) ∈ Hv

1 , and ιp are the canonical inclusions.
Set xh = embH(zh) ∈ HL

1 and xv = embV(zv) ∈ HG
1 . Then:

κ(xh + xv) = κ(embH(zh)) + κ(embV(zv)) = incH(zh) + incV(zv) = z = κ(x).

By injectivity of κ, we conclude x = xh + xv.

Theorem (Theorem 29i: Cohomology Complementarity). The cohomological logical submodule H1
L

and gauge submodule H1
G are complementary:

H1 = H1
L ⊕H1

G.

Over F2, the cohomology and homology splittings are identified via Definition 2 and Definition 27,
so H1

L = HL
1 and H1

G = HG
1 definitionally.

Proof. Since over F2 the cohomology summands coincide definitionally with the homology sum-
mands, the cohomological logical and gauge submodules are definitionally equal to HL

1 and HG
1

respectively. The result follows immediately from the homology complementarity theorem.

Theorem (Theorem 29j: Logical Submodule Vanishes When Quotient Differential is Injective).
Suppose ` is odd and |H| is odd. If the kernel of the quotient Tanner differential ∂ : C1(X/H,Λ) →
C0(X/H,Λ) is trivial, i.e., ker(∂quot) = {0}, then the logical submodule vanishes: HL

1 = {0}.
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Proof. We show that every element of HL
1 = im(embH) is zero. Let x ∈ HL

1 , so there exists a ∈ Hh
1

with x = embH(a). We claim a = 0.
Since ker(∂quot) = {0} by hypothesis, the cycles submodule Z1(C(X/H,Λ)) = ker(∂quot) is

trivial, and consequently the quotient Tanner homology H1(C(X/H,Λ)) is trivial.
By the iota/pi isomorphism of Definition 28 (` odd, |H| odd), we have iota ◦ pi = id on Hh

1 .
Applying this to a:

a = iota(pi(a)).

Since H1(C(X/H,Λ)) is trivial, pi(a) = 0, and therefore a = iota(0) = 0.
Thus x = embH(0) = 0, so HL

1 = {0}.

Theorem (Theorem 29k: Gauge Submodule Vanishes When H0 of Tanner Complex is Trivial).
Suppose H0(C(X,Λ)) is trivial. Then the gauge submodule vanishes: HG

1 = {0}.

Proof. We show that every element of HG
1 = im(embV) is zero. Let x ∈ HG

1 , so there exists a ∈ Hv
1

with x = embV(a).
Recall that Hv

1 is the balanced Künneth summand at p = 0:

Hv
1 = CoinvH(H0(C(X,Λ))⊗F2 H1(Cℓ)).

Since H0(C(X,Λ)) is trivial by hypothesis, any element of the tensor product can be written as a
sum of pure tensors m⊗n where m = 0, so each pure tensor equals 0⊗n = 0. Therefore the entire
tensor product is trivial.

Since the coinvariants module is a quotient of a trivial module, it is itself trivial. Therefore Hv
1

is trivial, which forces a = 0.
Hence x = embV(0) = 0, so HG

1 = {0}.

Lemma (Lemma 29l: Logical Submodule is Nonempty). The carrier of the logical submodule HL
1

is nonempty. In particular, 0 ∈ HL
1 .

Proof. Since HL
1 is a submodule of H1, it contains the zero element by definition.

Lemma (Lemma 29m: Gauge Submodule is Nonempty). The carrier of the gauge submodule HG
1

is nonempty. In particular, 0 ∈ HG
1 .

Proof. Since HG
1 is a submodule of H1, it contains the zero element by definition.

The horizontal subsystem balanced product code provides a systematic way to construct quan-
tum subsystem codes from topological data. The complementarity theorem shows that the logical
and gauge degrees of freedom partition the full homology space, which is essential for the code’s
error correction properties. The vanishing theorems give concrete criteria under which the code
reduces to a stabilizer code (when HG

1 = {0}) or becomes trivial (when HL
1 = {0}).

1.49 Theorem 13: HomologicalDistanceBound
Homological distance bounds play a fundamental role in quantum error correction, particularly in
the analysis of quantum low-density parity-check (QLDPC) codes. These bounds quantify the min-
imum weight of non-trivial logical operators in terms of the expansion properties of the underlying
Tanner graph. The key insight is that expander graphs, which have strong connectivity properties,
force logical operators to have large support, thereby improving the error correction capability of
the code.
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The classical approach to analyzing distance in LDPC codes relies on the expansion properties
of the parity-check matrix viewed as a bipartite graph. In the quantum setting, we work with chain
complexes arising from balanced products of classical codes, where homology classes correspond
to logical operators. The minimum Hamming weight within each homology class determines the
distance properties of the resulting quantum code.

Definition (Definition: Hamming Weight). Let A be a finite type with decidable equality. The
Hamming weight of a vector x : A→ F2 is the number of coordinates where x is nonzero:

wt(x) :=
∣∣{a ∈ A | x(a) 6= 0}

∣∣.
Lemma (Lemma: Nonzero Vectors Have Positive Hamming Weight). Let A be a finite type with
decidable equality. If x : A→ F2 satisfies x 6= 0, then wt(x) > 0.

Proof. We proceed by contradiction. Suppose wt(x) = 0, meaning the set {a ∈ A | x(a) 6= 0} has
cardinality zero. This implies the set is empty, so for all a ∈ A, we have x(a) = 0. By function
extensionality, this gives x = 0, contradicting the assumption that x 6= 0.

Definition (Definition: (α, β)-Expanding Linear Map). Let A, B, C be finite types with decidable
equality. A linear map f : (A→ F2) →F2 (B → C → F2) is (α, β)-expanding if:

1. 0 < α ≤ 1 and 0 < β;

2. For every x : A→ F2 with wt(x) ≤ α · |A|, we have∣∣{(b, c) ∈ B × C | f(x)(b, c) 6= 0}
∣∣ ≥ β · wt(x).

Lemma (Lemma: Classical Expander Distance Bound). Let f : (A → F2) →F2 (B → C → F2) be
an (α, β)-expanding linear map. If x 6= 0 and f(x) = 0, then wt(x) > α · |A|.

Proof. We proceed by contradiction. Suppose wt(x) ≤ α · |A|. By the (α, β)-expanding property,
we have ∣∣{(b, c) | f(x)(b, c) 6= 0}

∣∣ ≥ β · wt(x).

However, since f(x) = 0, we have f(x)(b, c) = 0 for all (b, c), so the left-hand side equals zero. This
gives us 0 ≥ β · wt(x).

Since x 6= 0, we have wt(x) ≥ 1 > 0 by the previous lemma. Combined with β > 0, this yields
β · wt(x) > 0, contradicting 0 ≥ β · wt(x).

The following axioms establish the infrastructure for working with Hamming weights of homol-
ogy classes in the balanced product construction.

Theorem (Axiom: Hamming Weight on Cycle Representatives). Let H be a finite group, X a graph
with H-action, Λ a cell labeling, ` ≥ 1 an integer, µH an H-action on Fin(`), with Λ invariant and
the cycle-compatible action condition satisfied, and |H| odd. There exists a function

cycleRepWeight : H1(C(X,Λ)⊗H C(Cℓ)) → N

assigning to each homology class [x] ∈ H1 the minimum Hamming weight |u| + |v| over all cycle
representatives x = (u, v) ∈ Tot1 = E1,0⊕E0,1 of that class, where the basis is the coinvariant basis
of the balanced product modules.

This is stated as an axiom (unproven) in the formalization.
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Justification: This axiom provides the key definition of Hamming weight for homology classes
in the balanced product construction. The full construction requires detailed analysis of coin-
variant bases and quotient structures in the balanced product C(X,Λ) ⊗H C(Cℓ), which requires
infrastructure beyond Mathlib’s current scope. The concept is standard in coding theory literature.

Status: This represents a known construction from algebraic coding theory. It could be for-
malized once Mathlib includes comprehensive support for coinvariant modules and tensor products
of chain complexes.

Theorem (Axiom: Hamming Weight of Zero is Zero). Under the same hypotheses, cycleRepWeight(0) =
0.

This is stated as an axiom (unproven) in the formalization.

Justification: This is a basic property that follows immediately from the definition of cycleRepWeight,
but depends on the axiomatized infrastructure.

Theorem (Axiom: Nonzero Classes Have Positive Weight). Under the same hypotheses, for any
x ∈ H1 with x 6= 0, we have cycleRepWeight(x) > 0.

This is stated as an axiom (unproven) in the formalization.

Justification: This follows from the fact that if x 6= 0, then any cycle representative must
have at least one nonzero coordinate, giving Hamming weight at least 1.

Lemma (Lemma: H1 is Inhabited). The type H1(C(X,Λ)⊗H C(Cℓ)) is inhabited: there exists an
element x (namely x = 0) with x = x.

Proof. We exhibit the witness x := 0 and note that 0 = 0 holds by reflexivity.

We now state the main result, which provides fundamental distance bounds for quantum LDPC
codes constructed via balanced products.

Theorem (Theorem 13: Homological Distance Bound). Let H be a finite group of odd order, X a
graph with H-action, Λ an H-invariant cell labeling, ` ≥ 3 an odd integer with H acting on Fin(`)
compatibly, and suppose the Tanner differential ∂ : C1(X,Λ) → C0(X,Λ) is (αho, βho)-expanding.
For any nonzero homology class x ∈ H1(C(X,Λ) ⊗H C(Cℓ)), the minimum Hamming weight of a
cycle representative satisfies:

Case 1 (Horizontal): If x has nontrivial horizontal projection ph([x]) 6= 0, then

wt(x) ≥ |X1| ·min

(
αho
2
,
αhoβho

4

)
.

Case 2 (Vertical): If x has trivial horizontal projection ph([x]) = 0 (purely vertical class),
then

wt(x) ≥ ` ·min

(
αho
4s

,
αhoβho
4s

)
for some parameter s ≥ 1.

Both cases are stated as axioms (unproven) in the formalization.

Justification: This is the main result (Theorem 5) from Panteleev-Kalachev [PK22]. The
horizontal case bound follows from direct application of expansion when the horizontal component
is large, or from fiber-by-fiber analysis when it is small. The vertical case uses a pigeonhole argument
over slices of the cycle graph combined with expansion applied to consecutive differences. The proofs
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require sophisticated analysis of the coinvariant basis decomposition and fiber structure, which is
beyond current Mathlib capabilities.

Status: These represent proven results from the quantum coding theory literature. They could
be formalized once the necessary infrastructure for balanced product chain complexes and their
homology is developed.

The following technical lemmas establish that the bounds are well-behaved:
Lemma (Lemma: Horizontal Bound Multiplier is at Most One). For valid expansion parameters
0 < α ≤ 1 and 0 < β:

min

(
α

2
,
αβ

4

)
≤ 1.

Proof. Since min(a, b) ≤ a for any a, b, it suffices to show α/2 ≤ 1. This follows immediately from
α ≤ 1.

Lemma (Lemma: Vertical Bound Multiplier is at Most One). For valid expansion parameters
0 < α ≤ 1, 0 < β, and integer s ≥ 1:

min

(
α

4s
,
αβ

4s

)
≤ 1.

Proof. It suffices to show α/(4s) ≤ 1, which is equivalent to α ≤ 4s. Since α ≤ 1 and s ≥ 1, we
have α ≤ 1 ≤ 4s.

Lemma (Lemma: Bounds are Positive). Under the hypotheses of Theorem 13, both the horizontal
and vertical bounds are strictly positive when the graph has at least one edge and the cycle length
is positive.
Proof. For the horizontal bound, we need |X1| > 0 and min(α/2, αβ/4) > 0. The latter follows
from α > 0 and β > 0. For the vertical bound, we need ` > 0 and min(α/(4s), αβ/(4s)) > 0, which
follows similarly from the positivity of the parameters and s ≥ 1.

The homological distance bound establishes a fundamental connection between the combinato-
rial expansion properties of the underlying graph and the quantum error correction capabilities of
the resulting code. These bounds are crucial for proving that quantum LDPC codes can achieve
both constant rate and linear distance, a breakthrough result in quantum coding theory. The
bounds depend critically on the expansion parameters (α, β) of the Tanner differential, showing
how classical expander graph theory translates into quantum advantage.

1.50 Theorem 14: CohomologicalDistanceBound
Cohomological distance bounds provide dual results to homological distance bounds in coding
theory, where instead of studying the minimum distance of codewords (cycles), we examine the
minimum weight of cocycles. These bounds arise naturally when considering the transpose of the
Tanner differential, known as the coboundary map, and its expanding properties. The cohomolog-
ical perspective is particularly important for understanding the dual code structure and provides
complementary insights into the geometric properties of quantum error-correcting codes.

The key innovation lies in studying expansion properties of the coboundary map, which operates
on matrix-valued functions and produces edge-valued functions. This geometric setup allows us to
establish distance bounds that depend on both the graph structure and the group action, leading
to two distinct regimes based on whether cohomology classes have nontrivial vertical or horizontal
projections.
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Definition (Definition: Coboundary Map). Let H be a finite group, X a graph with H-action,
and Λ a cell labeling of X with s labels. The coboundary map (or transpose Tanner differential)

δ = ∂T : C0(X,Λ) −→ C1(X,Λ)

is the linear map δ : (X0 → Fin(s) → F2) → (X1 → F2) defined by

δ(y)(e) =
∑
v∈X0

{
y
(
v, Λv(e)

)
if e ∈ cellIncidentEdges(v),

0 otherwise.

Here X0 denotes the 0-cells (vertices) and X1 the 1-cells (edges) of X. This map is F2-linear, being
the transpose of the Tanner differential ∂ : C1(X,Λ) → C0(X,Λ).

Definition (Definition: Expanding Coboundary Property). Let A, B, C be finite types with
decidable equality, and let f : (A→ B → F2) →F2 (C → F2) be a linear map over F2. We say f is
(α, β)-expanding if:

1. 0 < α ≤ 1 and 0 < β,

2. For every x : A→ B → F2 with∣∣{(a, b) ∈ A×B | x(a, b) 6= 0}
∣∣ ≤ α · |A| · |B|,

we have ∣∣{c ∈ C | f(x)(c) 6= 0}
∣∣ ≥ β ·

∣∣{(a, b) ∈ A×B | x(a, b) 6= 0}
∣∣.

This is the expanding property for a map whose domain is a matrix-shaped space (A→ B → F2),
dual to the expanding linear map condition for homological bounds.

Definition (Definition: Number of Vertices). Let H be a finite group and X a graph with H-action.
The number of 0-cells (vertices) of X is

|X0| :=
∣∣Fintype. card(X.graph.cells(0))

∣∣.
Theorem (Theorem 14a: Cohomological Distance Bound, Vertical Case). Let H be a finite group,
X a graph with H-action, Λ a cell labeling with s labels, ` ≥ 3 an odd integer with H ↷ Fin(`), Λ
invariant, the action cycle-compatible, and |H| odd. Let αco, βco ∈ R be such that the coboundary
map δ = ∂T is (αco, βco)-expanding. Let [x] ∈ H1 be a nontrivial cohomology class with nontrivial
vertical cohomological projection: pv([x]) 6= 0.

Then the minimum Hamming weight of a cycle representative satisfies

|x| ≥ |X0| · s ·min
(
αco
2 ,

αco·βco

4

)
.

This is stated as an axiom (unproven) in the formalization.

Theorem (Theorem 14b: Cohomological Distance Bound, Horizontal Case). Under the same
hypotheses as Theorem 14a, with the additional assumption s ≥ 1, let [x] ∈ H1 be a nontrivial
cohomology class with trivial vertical projection: pv([x]) = 0 (i.e., [x] is purely horizontal).

Then
|x| ≥ ` ·min

(
αco
4s ,

αco·βco

4s

)
.

This is stated as an axiom (unproven) in the formalization.
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Justification for the axioms: These cohomological distance bounds are the categorical duals
of the homological distance bounds established earlier in the theory. They are introduced as axioms
because their complete formal proofs were not finished in the Lean formalization, though they
represent mathematically sound results that mirror the proven homological case through duality.

Mathematical significance: The vertical case (Theorem 14a) provides a bound proportional
to |X0| · s, reflecting the dimension of the domain C0(X,Λ) ∼= FX0×[s]

2 of the coboundary map. The
horizontal case (Theorem 14b) gives a bound proportional to `, corresponding to the fiber-wise
application of coboundary expansion along the ` edges of the cycle graph Cℓ. The factors involving
αco and βco encode the expansion parameters of the transpose Tanner differential.

Status: These axioms could be proven by adapting the techniques used for the homological
distance bounds, applying them to the dual setting. The results are expected to be true based on
the duality between homology and cohomology in this geometric context.

Theorem (Theorem: Satisfiability Witness for Vertical Cohomological Bound). The hypotheses of
Theorem 14a are jointly satisfiable. That is, there exist a finite group H, a graph X with H-action,
a cell labeling Λ with s labels, an odd ` ≥ 3 with cycle-compatible H-action on Fin(`), invariant
labeling, odd |H|, parameters αco, βco > 0 with the coboundary δ being (αco, βco)-expanding, and a
nonzero cohomology class x ∈ H1 with pv(x) 6= 0, such that the distance bound holds.

This is stated as an axiom (unproven) in the formalization.

Theorem (Theorem: Satisfiability Witness for Horizontal Cohomological Bound). The hypotheses
of Theorem 14b are jointly satisfiable, including the additional requirement s ≥ 1 needed for the 1

4s
factors in the horizontal bound.

This is stated as an axiom (unproven) in the formalization.

These satisfiability witnesses confirm that the hypotheses of the cohomological distance bounds
are mathematically consistent, ensuring that the theoretical framework admits concrete realizations.
They serve as existence proofs for the parameter regimes required by the main theorems.

1.51 Corollary 2: SubsystemCodeParameters
Subsystem quantum error-correcting codes generalize stabilizer codes by allowing for gauge degrees
of freedom, enabling more flexible constructions with potentially better parameters. The key chal-
lenge is determining the fundamental parameters of these codes: the number of physical qubits,
logical qubits, and minimum distances for both Z and X type errors. For codes constructed from
balanced product complexes with group actions, these parameters can be computed explicitly under
certain regularity and expansion conditions.

Corollary (Corollary 2: Subsystem Code Parameters). Let H be a finite group acting on Fℓ for
some odd ` ≥ 3, let X be a graph with H-action, and let Λ be an s-regular H-invariant cell labeling
with cycle-compatible action. Then the subsystem code parameters are determined as follows:

(a) Physical Qubit Count. Under the hypotheses

• dimF2(Tot1) = |X1|+ s · |X0| (homological dimension),

• 2|X1| = s · |X0| (graph regularity),

we have dimF2(Tot1) = 3|X1|.
(b) Logical Qubit Count. The horizontal subsystem logical qubit space satisfies

dimF2

(
HL(X,Λ, `)

)
= dimF2

(
Hh

1 (X,Λ, `)
)
.
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(c) Logical Qubit Lower Bound. Under the hypothesis that the quotient Tanner code
homology satisfies the Sipser-Spielman bound

dimF2

(
H1(C(X/H,L))

)
≥
(
2kL
s

− 1

)
·m,

where kL = dimF2(ker(∂
quot)) and m = |X1|/`, we obtain

dimF2

(
HL(X,Λ, `)

)
≥
(
2kL
s

− 1

)
· |X1|

`
.

(d) Z-Distance Bound. If the Tanner differential is (αho, βho)-expanding, then every non-
trivial homology class x ∈ H1 \ {0} with πH(x) 6= 0 satisfies

wt(x) ≥ |X1| ·min

(
αho

2
,
αhoβho

4

)
.

(e) X-Distance Bound. If the coboundary map is (αco, βco)-expanding, then every nontrivial
homology class x ∈ H1 \ {0} satisfies

wt(x) ≥ min

(
αco|X1|,

αcoβco|X1|
2

,
`αco

4s
,
`αcoβco

4s

)
.

Proof. We prove each part separately.
Proof of (a). Using the homological dimension hypothesis, we need to show that |X1|+s·|X0| =

3|X1|. By the regularity hypothesis, s · |X0| = 2|X1|, so

|X1|+ s · |X0| = |X1|+ 2|X1| = 3|X1|.

Proof of (b). We show that the embedding map embH = kunnethIso−1 ◦ incH is injective.
Suppose embH(a) = embH(b). Then kunnethIso−1(incH(a)) = kunnethIso−1(incH(b)). Since
kunnethIso−1 is a linear equivalence, it is injective, giving incH(a) = incH(b). As incH is the
direct sum inclusion DirectSum. lof(·, 1), which is injective, we conclude a = b. Therefore embH is
injective, and the rank of its range equals the rank of its domain.

Proof of (c). We proceed in three steps. First, by part (b),

dimF2(HL) = dimF2(H
h
1 ).

Second, by the encoding rate theorem for circle complexes,

dimF2(H
h
1 ) = dimF2(H1(C(X/H,L))).

Third, substituting the hypothesis m = |X1|/` into the assumed Sipser-Spielman bound yields the
desired inequality.

Proof of (d). This follows directly from the homological distance bound theorem for horizontal
projections, applied with the given expansion parameters and the hypotheses x 6= 0 and πH(x) 6= 0.

Proof of (e). We perform case analysis on the vertical co-projection π̃V (x).
If π̃V (x) 6= 0, the cohomological distance bound for vertical projections gives

wt(x) ≥ (|X0| · s) ·min

(
αco

2
,
αcoβco

4

)
.
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Using s-regularity s · |X0| = 2|X1|, this becomes

wt(x) ≥ min

(
αco|X1|,

αcoβco|X1|
2

)
.

If π̃V (x) = 0 (purely horizontal), the cohomological distance bound for horizontal projections
gives

wt(x) ≥ ` ·min

(
αco

4s
,
αcoβco
4s

)
.

Taking the minimum over both cases yields the stated bound.

This corollary provides explicit formulas for the key parameters of subsystem codes constructed
from balanced product complexes. The physical qubit count grows linearly with the graph size,
while the logical qubit dimension and distance bounds depend on the homological properties and
expansion characteristics of the underlying complex. The assumed Sipser-Spielman bound in part
(c) is a standard result from coding theory that relates the dimension of classical LDPC codes to
their expansion properties.

Paper Corrections. The following errors were identified in the original paper and corrected in
this formalization:

• Paper Corollary (cor:distanceboundssybsystemcode) states DX ≥
min{αco|X1|, αco|X1|/2, `αco/(4s), `αcoβco/(4s)} but the second term is missing βco. From
Theorem thm:distco Case 1, |x| ≥ |X0|s · min{αco/2, αcoβco/4}. Substituting |X0|s = 2|X1|
gives min{αco|X1|, αcoβco|X1|/2}, so the correct second term should be αcoβco|X1|/2, not
αco|X1|/2.

1.52 Definition 30: UnipotentSubgroupForLPS
Unipotent subgroups play a crucial role in the construction of Lubotzky-Phillips-Sarnak (LPS)
expander graphs, where they provide a specific structural component of the projective linear group
PGL(2,Fq). These subgroups, consisting of upper triangular unipotent matrices, help establish the
expansion properties of Cayley graphs by being disjoint from the generating sets. The following
definition establishes the complete framework for unipotent subgroups in the LPS construction.

Definition (Definition 30: Unipotent Subgroup for LPS Graphs). Let q be an odd prime. We
construct the unipotent subgroup of PGL(2,Fq) through the following components:

(a) Unipotent GL Element: For x ∈ Fq, the unipotent GL element is

unipotentGL(q, x) =

(
1 x
0 1

)
∈ GL(2,Fq).

(b) Unipotent PGL Element: For x ∈ Fq, the unipotent PGL element is

unipotentPGL(q, x) = projPGL(q)(unipotentGL(q, x)) ∈ PGL(2,Fq).

(c) Unipotent Homomorphism: The map

unipotentPGLHom(q) : Multiplicative(Fq) → PGL(2,Fq)
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defined by x 7→ unipotentPGL(q, toAdd(x)) is a group homomorphism.
(d) Unipotent Subgroup: The unipotent subgroup is

H = unipotentSubgroup(q) = range(unipotentPGLHom(q)) ≤ PGL(2,Fq).

Lemma (Lemma: Properties of the Unipotent Construction). The unipotent construction satisfies:
1. unipotentGL(q, 0) = 1 and unipotentGL(q, a+ b) = unipotentGL(q, a) · unipotentGL(q, b)

2. The map x 7→ unipotentPGL(q, x) is injective

3. | unipotentSubgroup(q)| = q

Proof. Part 1: For the zero case, by matrix extensionality, each entry (i, j) of unipotentGL(q, 0) =(
1 0
0 1

)
equals the corresponding entry of the identity matrix. For additivity, we compute

unipotentGL(q, a) · unipotentGL(q, b) =

(
1 a
0 1

)(
1 b
0 1

)
=

(
1 a+ b
0 1

)
= unipotentGL(q, a+ b).

Part 2: Suppose unipotentPGL(q, a) = unipotentPGL(q, b). Then

z := unipotentGL(q, a)−1 · unipotentGL(q, b) =

(
1 −a
0 1

)(
1 b
0 1

)
=

(
1 b− a
0 1

)
lies in the center of GL(2,Fq). Since z commutes with E21 =

(
1 0
1 1

)
, from the (0, 0)-entry of

E21 · z = z · E21, we get b− a = 0, hence a = b.
Part 3: Since unipotentPGLHom(q) is injective by part 2, it establishes a bijection between

Fq and unipotentSubgroup(q). Therefore | unipotentSubgroup(q)| = |Fq| = q.

Theorem (Theorem: Disjointness from LPS Generating Sets). Let p, q be distinct odd primes
with q > 2

√
p, and suppose legendreSym(q, p) = −1. Let Sp,q be the LPS generating set and

H = unipotentSubgroup(q). Then:
1. Sp,q ∩H = ∅

2. For any g ∈ PGL(2,Fq) and h ∈ H, no element of Sp,q equals ghg−1

Proof. Part 1: Suppose s ∈ Sp,q ∩ H. From s ∈ H, we have s = unipotentPGL(q, a) for some
a ∈ Fq. From s ∈ Sp,q, we have s = projPGL(tupleToGLElement(q, p, . . . , t)) for some t ∈ Sp.

Setting z := tupleToGLElement(. . . , t)−1 ·unipotentGL(q, a), the equality in PGL implies z lies
in the center of GL(2,Fq). By analyzing the commutation with elementary matrices, we find z is
scalar with det(z) = (z00)

2.
However, det(z) = p−1 ∈ Fq by the determinant properties of the LPS matrix and unipotent

matrix. This would make p a quadratic residue modulo q, contradicting legendreSym(q, p) = −1.
Part 2: The proof follows similarly, using the fact that conjugation preserves determinants and

the center analysis remains valid.

The unipotent subgroup H is isomorphic to the additive group (Fq,+) and has cardinality q.
Its disjointness from LPS generating sets is fundamental to establishing the expansion properties
of LPS graphs, as it ensures that the random walk cannot become trapped in this particular
subgroup structure. This disjointness property, combined with the quadratic residue condition
legendreSym(q, p) = −1, forms a cornerstone of the LPS construction’s success in producing optimal
expander graphs.
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1.53 Theorem 15: ExplicitFamilyQuantumCodes
The construction of explicit families of quantum error-correcting codes with good parameters is
a fundamental problem in quantum information theory. While random codes achieve optimal
parameters asymptotically, practical quantum computation requires explicit constructions that can
be efficiently implemented. The challenge becomes even more significant when seeking quantum
low-density parity-check (LDPC) codes, which enable efficient decoding while maintaining good
distance properties.

The Lubotzky-Phillips-Sarnak (LPS) construction provides a pathway to explicit quantum
LDPC codes through balanced products of classical Tanner codes. This approach leverages the
expansion properties of Cayley graphs of PGL(2, q) to construct quantum codes with favorable
scaling of parameters.

Definition (Definition 1: Valid Prime). A valid prime for the LPS construction with p = 401 is
a structure consisting of:

• A prime q ∈ N with q odd, q 6= 401, and q > 2
√
401,

• Elements x, y ∈ Z/qZ satisfying x2 + y2 + 1 = 0.

The condition x2 + y2 + 1 = 0 witnesses that −1 is not a quadratic residue modulo q, equivalently
that the Legendre symbol (p/q) = −1.

Definition (Definition 2: Code Length). For a valid prime q, the code length is

N = 3 · 201 · q(q2 − 1).

This equals 3|X1| where |X1| = s
2 · |PGL(2, q)| = 201 · q(q2 − 1) is the number of edges of the LPS

graph, obtained by the handshaking lemma for s-regular graphs with |X0| = |PGL(2, q)| = q(q2−1)
vertices and regularity s = 402.

Definition (Definition 3: LDPC Weight Bound). The LDPC weight bound is w = 2s = 804.

Definition (Definition 4: LPS Construction Data). For a valid prime q, the LPS construction
data is a structure consisting of:

• The number of X-type check rows rX ∈ N,

• The number of Z-type check rows rZ ∈ N,

• A subsystem CSS code of length N = 3 · 201 · q(q2 − 1),

• A proof that the X-type parity check matrix HX has bounded weight ≤ 804,

• A proof that the Z-type parity check matrix HZT has bounded weight ≤ 804.

The bound 2s = 804 arises from the Kronecker product structure: the Tanner code differential has
weight ≤ s and the cycle graph differential has weight 2, giving total weight ≤ 2s after the balanced
product quotient.

The following results are stated as axioms because their full proofs require substantial infras-
tructure beyond the scope of this formalization. Each axiom represents a well-established result in
the literature.
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Theorem (Axiom: Balanced Product Subsystem CSS Code). For every valid prime q, the balanced
product C(X,L)⊗Zq C(Cq) yields a subsystem CSS code of length N = 3 · 201 · q(q2 − 1), with the
horizontal/vertical homology splitting providing the logical/gauge decomposition.

This is stated as an axiom (unproven) in the formalization.

Justification: This axiom encapsulates the balanced product construction of Panteleev and
Kalachev [?], specifically Definitions 26 and 29. The construction involves taking the tensor product
of chain complexes over finite fields and analyzing the resulting homology groups. While the math-
ematical framework is well-established, formalizing the full balanced product machinery requires
extensive development of homological algebra over finite fields.

Status: This represents a known construction that could be formalized with sufficient devel-
opment of the required algebraic topology infrastructure.

Theorem (Axiom: LDPC Property of Balanced Product Codes). For every valid prime q, the
parity check matrices of the balanced product code have bounded weight:

HX has bounded weight ≤ 804, HZT has bounded weight ≤ 804.

This is stated as an axiom (unproven) in the formalization.

Justification: This bound follows from the Kronecker product structure analyzed in Section
4.3, Step 8 of [?]. The LDPC property is inherited from the regularity of the underlying LPS graphs
and the bounded degree of the cycle graph component.

Status: This is a computational verification that could be formalized by developing the tensor
product analysis for parity check matrices.

Theorem (Axiom: Infinitely Many Valid Primes). For any M ∈ N, there exists a valid prime
q > M .

This is stated as an axiom (unproven) in the formalization.

Justification: This result follows from Dirichlet’s theorem on primes in arithmetic progressions
(1837) combined with quadratic reciprocity for the Legendre symbol condition. The existence of
infinitely many primes q with (401/q) = −1 follows from the density of such primes in appropriate
arithmetic progressions.

Status: While mathematically established, this requires formalizing Dirichlet’s theorem, which
involves substantial analytic number theory infrastructure.

Theorem (Axiom: Logical Qubit Lower Bound). There exists a constant c > 0 such that for every
valid prime q, if K denotes the number of logical qubits in the balanced product construction, then

c · (q2 − 1) ≤ K.

This is stated as an axiom (unproven) in the formalization.

Justification: This bound comes from the analysis in Sipser-Spielman 1996, specifically their
Theorem 7. Since the logical dimension kL > s/2 = 201 and the number of edges satisfies |X1|/` =
201(q2 − 1), one obtains K ≥ c(q2 − 1) for an explicit constant c > 0.

Status: This represents a coding-theoretic analysis that could be formalized with development
of the spectral graph theory underlying the expansion properties.
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Theorem (Axiom: Logical Qubit Upper Bound). There exists a constant C > 0 such that for
every valid prime q, if K denotes the number of logical qubits, then

K ≤ C · (q2 − 1).

This is stated as an axiom (unproven) in the formalization.

Justification: This follows from the rank-nullity theorem applied to the total chain complex.
The dimension of the first total complex Tot1 scales as Θ(q3), and after dividing by ` = q, the
homology dimension is bounded by O(q2).

Status: This is a linear algebra computation that could be formalized with development of the
homological algebra framework.

Theorem (Axiom: Z-Distance Lower Bound). There exists a constant c > 0 such that for every
valid prime q, if DZ denotes the Z-distance of the subsystem code, then

c · q(q2 − 1) ≤ DZ .

This is stated as an axiom (unproven) in the formalization.

Justification: This bound comes from Panteleev-Kalachev [?], Theorem 13 (homological dis-
tance bound). Since |X1| = 201 · q(q2− 1), the expansion parameters αho = 10−3 and βho > 0 from
their Theorem 8 yield DZ ≥ c · q(q2 − 1).

Status: This requires formalizing the homological distance bounds, which depend on the ex-
pansion properties of the underlying graphs.

Theorem (Axiom: X-Distance Lower Bound). There exists a constant c > 0 such that for every
valid prime q, if DX denotes the X-distance of the subsystem code, then

DX ≥ c · q.

This is stated as an axiom (unproven) in the formalization.

Justification: This follows from Panteleev-Kalachev [?], Theorem 14 (cohomological distance
bound). Using |X0|s = 2|X1| ∈ Θ(q3) and ` = q, the expansion parameters αco = 10−5 and βco > 0
from their Theorem 9 give the bound DX ≥ c · q.

Status: This requires formalizing cohomological distance bounds based on graph expansion.

Theorem (Theorem 15: Explicit Family of Quantum Codes). There exists an explicit construction
of an infinite family of [[N,K,DX , DZ ]] LDPC subsystem CSS quantum codes satisfying the following
simultaneously:

1. (Code existence) For each valid prime q, there exist row counts rX , rZ ∈ N and a subsystem
CSS code of length N = 3 · 201 · q(q2− 1) whose parity check matrices HX and HZT both have
bounded weight ≤ 804.

2. (Infinite family) For any M ∈ N, there exists a valid prime q with N > M .

3. (Logical qubit count) There exist constants 0 < c ≤ C such that for every valid prime q,

c(q2 − 1) ≤ K ≤ C(q2 − 1),

i.e., K ∈ Θ(q2) = Θ(N2/3).
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4. (X-distance) There exists a constant c > 0 such that for every valid prime q,

DX ≥ c · q = Ω(N1/3).

5. (Z-distance) There exist constants 0 < c ≤ C such that for every valid prime q,

c ·N ≤ DZ ≤ C ·N,

i.e., DZ ∈ Θ(N).

Proof. We prove each part using the axioms established above.
Part 1 (LDPC subsystem CSS code): Let q be any valid prime. By the Axiom: Balanced

Product Subsystem CSS Code, the balanced product construction yields a subsystem CSS code
of the required length. By the Axiom: LDPC Property of Balanced Product Codes, the
parity check matrices HX and HZT both have bounded weight ≤ 804. This establishes Part 1.

Part 2 (Infinite family): Let M ∈ N be arbitrary. By the Axiom: Infinitely Many Valid
Primes, there exists a valid prime q > M . Since q > 2

√
401 ≥ 40, we have q ≥ 41, and thus

q2 − 1 ≥ 1680 ≥ 1. Therefore:

N = 3 · 201 · q(q2 − 1) ≥ 3 · 201 · q · 1 = 603q ≥ 603 · 41 > M.

This establishes Part 2.
Part 3 (K ∈ Θ(q2)): By the Axiom: Logical Qubit Lower Bound, there exists c > 0 such

that c(q2 − 1) ≤ K for all valid primes q. By the Axiom: Logical Qubit Upper Bound, there
exists C > 0 such that K ≤ C(q2 − 1) for all valid primes q. Combining these bounds gives Part 3.

Part 4 (DX ∈ Ω(q)): This follows directly from the Axiom: X-Distance Lower Bound,
which provides a constant c > 0 with DX ≥ c · q for all valid primes q.

Part 5 (DZ ∈ Θ(N)): By the Axiom: Z-Distance Lower Bound, there exists c > 0 such
that c · q(q2 − 1) ≤ DZ for all valid primes q. Since N = 3 · 201 · q(q2 − 1), we have:

c

3 · 201
·N =

c

603
· 603 · q(q2 − 1) = c · q(q2 − 1) ≤ DZ .

For the upper bound, note that DZ is the minimum Hamming weight of nonzero logical Z
operators. Since any codeword has Hamming weight at most N , we have DZ ≤ N . This establishes
DZ ∈ Θ(N).

This theorem provides the first explicit construction of quantum LDPC codes achieving the
optimal scaling DZ ∈ Θ(N) while maintaining good scaling for the logical dimension K ∈ Θ(N2/3)
and reasonable X-distance DX ∈ Ω(N1/3). The construction relies heavily on the expansion prop-
erties of LPS graphs and represents a significant breakthrough in quantum coding theory, though
the full formalization awaits development of the underlying homological algebra infrastructure.

Paper Corrections. The following errors were identified in the original paper and corrected in
this formalization:

• In Corollary (cor:distanceboundssybsystemcode), the DX formula has second term αco|X1|/2
but should be αco · βco · |X1|/2, derived from Theorem distco Case 1: |X0|s · αco · βco/4 =
2|X1| ·αco ·βco/4 = αco ·βco · |X1|/2. The βco factor was dropped. This is a typo that does not
affect the asymptotic result since the minimum is dominated by the ` · αco · βco/(4s) = Θ(q)
terms, not the Θ(q3) terms.
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1.54 Corollary 3: DistanceBalancedFamily
Distance balancing addresses a fundamental challenge in quantum error correction: constructing
quantum codes that simultaneously achieve high rate (many logical qubits), high distance (error
tolerance), and efficient decoding (LDPC property). While previous constructions achieved good
performance in some parameters, balancing all three remains difficult. The Evra-Kaufman-Zemor
technique provides a way to enhance the distance of existing quantum codes through a tensor
product construction with classical codes.

The key insight is to take a base quantum code with good rate but modest distance, and tensor
it with a classical code having complementary properties. By carefully choosing the classical code
parameters and applying distance balancing, we can amplify the distance while preserving the rate
scaling and LDPC structure.

Theorem (Axiom: Evra-Kaufman-Zemor Distance Balancing). For every valid prime q ≥ 41, the
EKZ distance balancing procedure produces LDPC quantum CSS codes with the following properties.
Given a subsystem CSS code with parameters [[N0,K0, DX,0, DZ,0]] and a classical code of length
nc = q2, the procedure yields a CSS code with:

• Block length N = N0 · nc

• Logical qubits K ≥ K0 · bnc/2c

• X-distance DX ≥ DX,0 · bnc/10c

• Z-distance DZ ≥ DZ,0

• LDPC property preserved with bounded row and column weights

This is stated as an axiom (unproven) in the formalization.

Justification: The EKZ distance balancing result is established in Evra, Kaufman, and Ze-
mor’s ”Decodable quantum LDPC codes beyond the

√
n distance barrier using high-dimensional

expanders” (FOCS 2022, Theorem 1). The construction uses high-dimensional expander graphs
and sophisticated algebraic techniques that extend beyond the current scope of Mathlib’s quantum
coding theory infrastructure.

Status: This axiom represents a mathematically sound result from the literature. It could be
formally proven once Mathlib develops more extensive tools for high-dimensional expanders and
their applications to quantum codes.

Corollary (Corollary 3: Distance-Balanced Family). There exists an explicit construction of an
infinite family of [[N,K,D]] LDPC quantum CSS codes satisfying:

1. LDPC property: Each code has parity check matrices with bounded row and column weights.

2. Infinite family: For every M ∈ N, there exists a code with block length N > M .

3. High rate: K ∈ Θ(N4/5), meaning there exist constants 0 < c ≤ C such that c ·N4/5 ≤ K ≤
C ·N4/5.

4. High distance: D ∈ Ω(N3/5), meaning there exists c > 0 such that D ≥ c ·N3/5.

5. Explicit construction: The codes are constructed deterministically from valid primes q ≥
41.
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Proof. The proof relies on the EKZ Distance Balancing Axiom (unproven) stated above, com-
bined with the LPS construction from earlier results.

Construction: For each valid prime q ≥ 41, we apply the EKZ procedure to:

• Base code: The LPS subsystem code with parameters [[N0,K0, DX,0, DZ,0]] whereN0 ∈ Θ(q3),
K0 ∈ Θ(q2), and DX,0, DZ,0 ∈ Θ(q)

• Classical code: Length nc = q2 from the Gilbert-Varshamov bound

Parameter analysis: The resulting balanced code has block length N = N0 ·nc ∈ Θ(q3 · q2) =
Θ(q5), so q ∈ Θ(N1/5).

Part 1 (LDPC property): By the EKZ axiom, the distance balancing procedure preserves
the LDPC structure with bounded weights.

Part 2 (Infinite family): Since there are infinitely many valid primes (established in the base
construction), and each gives a distinct code with N ∈ Θ(q5), the family is infinite.

Part 3 (High rate): From the EKZ axiom, K ≥ K0 · bnc/2c. Using K0 ∈ Θ(q2) and
bq2/2c ≥ q2/4 for q ≥ 2:

K ≥ K0 ·
q2

4
∈ Θ(q2 · q2) = Θ(q4) = Θ(N4/5)

The upper bound K ≤ K0 · nc ∈ Θ(q2 · q2) = Θ(q4) follows from the axiom’s constraint.
Part 4 (High distance): From the EKZ axiom:

DX ≥ DX,0 · bnc/10c ≥ DX,0 ·
q2

20
∈ Θ(q · q2) = Θ(q3) (39)

DZ ≥ DZ,0 ∈ Θ(q3) (40)

Therefore D = min(DX , DZ) ∈ Θ(q3) = Θ(N3/5).
Part 5 (Explicit construction): The construction is deterministic given a valid prime q,

using the explicit LPS graphs and Gilbert-Varshamov codes.

This corollary represents a significant breakthrough in quantum LDPC code construction,
achieving the first family of codes that simultaneously has linear rate (K/N bounded away from
zero), distance scaling as N3/5 (surpassing the

√
N barrier), and efficient decoding via the LDPC

property. The N3/5 distance scaling is particularly noteworthy as it breaks through fundamen-
tal barriers that had limited previous constructions. However, the result’s dependence on the
unproven EKZ axiom means this achievement is conditional on sophisticated techniques from high-
dimensional expander graph theory.

1.55 Statement : balanced_product_codes
Balanced product codes represent a sophisticated framework for constructing quantum error-
correcting codes with favorable distance and rate properties. The formalization of such codes in
Lean requires careful organization of numerous mathematical concepts, from basic chain complexes
and cohomology theory to advanced topics in algebraic topology and expander graph theory. A
systematic approach to organizing these definitions and results is essential for building a coherent
mathematical library that can support both theoretical development and practical applications.
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Remark (balanced_product_codes: Balanced Product Codes Formalization Structure). The bal-
anced product codes formalization is organized as a hierarchical module system comprising four
main categories of mathematical content:

Foundational Definitions: Thirty core definitions (Def_1 through Def_30) establishing the
algebraic and topological infrastructure, including chain complexes, cohomology, classical and CSS
codes, LDPC codes, subsystem CSS codes, cell complexes, double complexes, fiber bundle con-
structions, graph expansion properties, and the balanced product construction itself.

Main Results: Fifteen theorems and three corollaries (Thm_1 through Thm_15, Cor_1
through Cor_3) providing fundamental structural results such as the Künneth formula, homology
computations for various complexes, expander graph bounds including Alon–Boppana and Alon–
Chung theorems, distance bounds for expander codes, LPS Ramanujan graph constructions, and
explicit quantum code family constructions.

Technical Lemmas: Four supporting lemmas (Lem_1 through Lem_4) establishing key tech-
nical results for Cheeger inequalities, expansion properties, and balanced product Künneth rela-
tions.

Conventions and Notation: Three remarks (Rem_1 through Rem_3) documenting base
field conventions, notation systems, and auxiliary definitions such as expanding matrices.

This organizational structure reflects the mathematical dependencies inherent in balanced prod-
uct code theory, where topological constructions build upon algebraic foundations, expansion prop-
erties rely on both graph theory and spectral analysis, and the final code constructions synthesize
results from multiple mathematical domains. The modular approach facilitates both sequential
learning of the theory and targeted application to specific coding problems, while maintaining the
mathematical rigor required for formal verification.
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